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Energy-Energy Correlations in QCD 2/22

Definition

2@ =) fdPSE% ole"+e” —a+b+X)86(&—cosbyp)
a,b

¢ infrared-safe quantity (UV and IR poles cancel)

NLO contributions (virtual + real)

-6 Jo--0k 3068 30-

e correlated particles — a,b (e.g., qg, §4g, qq, £2)

* angle variable — 0,3 or ¢
* energies — E,, E,
* phase-space — dPS



Status 3/22

Fixed Order Resummation
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Numerical Results
* 2010 — NNLL Becher, Neuberg 10 (see also de Florian, Grazzini '05)

* 2016 — NNLO Del Duca et al.
* 2017 — NNLL + NNLO Tulipant, Kardos, Somogyi

Analytical Results
¢ 1978 — LO Basham, et al. 78
e 2017 — NLO?




Phenomenology 4/22

Fixed Order + Resummation + Data Fit
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* non-perturbative (NP) terms Dokshitzer, Marchesini, Webber ’99



1.0 Preparation
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Definition
E,E B
&)=Y [ dpS 222 L olet+e” —a+b+X)6(E—cosbyp)
a,b
Process e"+e” —q(p1)+d(p2)+g(p3)+glps),  p?=0
Parametrization

* more convenient angle variable

1—52 pP1°P3
2 2q9-p19-p3

Z =

* phase-space
dPS =d™p18(p3) d™ p28(p2) d™ p® 5(p2) 6(q — p1 - p2 - p3)?

Linearization

5(z_ P1'pP3

1
5 )—»f dxxq-ps 6(x—2q-p1)6(xzq-ps — p1-ps3)
q-pP19-p3 0



I.1 IBP Reduction 6/22

Cross-section o(e*+e” = q+q+g+g)

e 377 KB text file by FormCalc Hahn 98’17

Cutkosky rules for Cut Propagators

8(p%)8(p3) 6(p3) 6((q —p1-p2-p3)?) 8(x-2¢-p1)6(x2q-p3 — p1-p3)

Reduction
* do partial fraction decomposition
¢ identify topologies
* run LiteRed Lee 12
- 11 masters F(x,z,¢e) (max 3 x 3 coupled subsystem)

Fi={} Fq9=1{2} F3={2,2} Fy={2,6} F5={1,2}
Fg=1{5} F;={1,4,5} Fg=1{2,3,4} F9=1{2,5} Fi0=1{3,5} Fi1=12,4,5}
— denominators
Di=(ka+k3)®  Dg=(q—ko)? D3 =(q—k1—ks)?
Dy=(q-k1-k3)® Ds=(q-ks—k3)® De=(k]),



Feynman Integrals Calculus 7/22

5(.)...
ffldll...ddlrafidp15(p§)--~ddpm5(p%¢2D—;Ll 7
8 D]

v

loops legs

Numerical methods:

¢ Sector Decomposition/Mellin-Barnes
* Subtraction Schemes
Analytical methods

¢ Feynman/Schwinger parametrization

¢ | Integration-By-Parts | reduction Chetyrkin, Tkachov ’81
- Laporta algorithm Laporta ’00: AIR, FIRE, Kira, Reduze?2
— Symbolic reduction: LiteRed Lee 12
— private implementations

* | Method of Differential Equations | Kotikov ’91, Remiddi 97

- Epsilon form Henn ’13

- Lee algorithm Lee ’14: Fuchsia OG, Magerya '16, Epsilon Prausa’17
— Canonica Meyer '17



Method of Differential Equations 8/22

Construct System of ODE

e from definition

- Holonomic Functions
- Hypergeometric Function
e from IBP rules
- AIR, FIRE, Kira, |LiteRed |, Reduze2

Solve System of ODE
¢ epsilon form Henn ’13

Lee algorithm: , epsilon

Meyer algorithm: Canonica

works well with hAyperlogarithms

helpless with elliptic functions
* elliptic polylogarithms? Weinzierl et al. ’16
* by other means

Find Constants of Integration

* no systematic approach
e usually the hardest step



1.2 Differential Equations for F'(x,z,¢)
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ODE Definition

dF

AF 200 _ p 2.0 Flx,z,0)
dz

® 2 as free variable

IBP rules (step II)

11 x 11 matrix

alphabet 1 1

Epsilon form
* multivariate problem
* Fuchsia (Lee algorithm)

dF(x,z,¢) A .
T:eB(x,z)F(x,z,e), where F(x,z,e):F(x,z,e)

Solutions for F(x,z,¢)

¢ fully automated
* any e-order



I.2 Example: Fy(x,z,€) 10/22

_ 1 0 0 1 0 0 0 0
Fix,2,0)= = (C3@)-2¢5@) + e ((1501(35) +4C5(0) - 6xCH(x) - 20C()) Ho(2)
+ (%C?(x) +2C5(0) - 20C() Hi(2)
+ (%;mcg(x) +20C9(x) +2(3x — T)C(x) + 4x02(x)) Hy(2)
C15(1-22) o - 4(18xz-1) o - 2(18x2®-1Taz+3x+2)
x2(1-2) Crlw)+ Caw)+ x2(1-2) )
20xz—-2z+1) el 1 ) 0
~—i-s) Cy(x) —4C5(x) + 2C3(x) |+ O(€")
where

* Hyperlogarithms (Panzer ’15 for overview)

z !
Hoo)= [ o Ho@)
0

z'—a

¢ Integration constants
- C(x),CH(x),Co(x),CY(x),C3(x), Ci(x) — unknown functions



1.3 Integration Constants for F'(x,z,¢€) 11/22

1
Fi(x,e):f dz f4(2) Fy(x,z2,€)
0

Calculate RHS

* direct integration

- HyperInt Panzer 14

— Mellin moments
1 [1]121]3 4 5| 6 7 819110 11

fill|l|lz|zAQ-2)|1|2z*|1-2z|z|z| 2z |z(1-2)

N

Calculate LHS
e IBP reduction
* differential equations

. dPS(3; x,2)
Fj(x, e)—f dzz(1- z)f DyDs

— old IBP basis
dPS(3; x,2) =x q-ks 6(1—x—(q —k1)2) 0(xzq-kg —kq-kg)dPS(3)

- new IBP basis )
dPS(3; x) = f dz dPS(3; x,2) = dPS(3) 6 (1 - x — (g — k1)?)
0



I1.1 IBP Reduction for F'*(x,¢) 12/22

Cutkosky rules for Cut Propagators

6(p1)8(p3) 6(p3) (g —p1—p2—p3)?) d(x—2g-p1)d =p1ip3)

Reduction
¢ do partial fraction decomposition
* identify topologies
® run LiteRed
— 12 masters G(x,¢)

Gi={ Go =12} Gs={7} G4=1{2,7}
Gs=12,8,77 Gg=1{1,2} G7=12,3,4,77 Gg=1{5,T)
G9=12,4,5} G10=12,4,5,7} G11=13,5,7} G12=1{1,4,5,7}

— denominators

Dq=(kg+ks)? Dy =(q—ko)? Ds=(q—k1—k9)?
Dy=(q—k1-k3)? Ds=(q—ka—k3)® Dg=(k3), D7=q ks



I1.1 IBP Reduction for F*(x,¢) 13/22

Cutkosky rules for Cut Propagators

6(p1)8(p3) 6(p3) (g —p1—p2—p3)?) d(x—2g-p1)d =p1ip3)

Reduction

) = (2—3e) (x +5ex —2€2 (8 — Tx))
4 €2 x2 (4 -5x)
x(1—x)+€ (16— 38x + 15x2) — €% (48 — 82x + 26x2)
* 4¢x2(4-5x)
(1-2¢) (x—2¢(2-x)) 4-Tx+2x% +€x(4—2x)

4¢€x(4—5x) Galx,e)— 4% (4—5x) G4(x,€)

3x(1—x)
—mG5(x,€)

Gi(x,e)

Ga(x,€)




I1.2 Differential Equations for G(x,¢€) 14/22

ODE Definition

dG(x,e€)
dx

=Ag(x,e) G(x,€)

* x as free variable
IBP rules (step V)
12 x 12 matrix
alphabet

Epsilon form

* Fuchsia (Lee algorithm)

dG(x,e)
dx

:eBg(x)é(x,e), where G(x,e):é(x,e)

Solutions for G(x,e€)
¢ fully automated

* any e-order



I1.2 Example: G5(x,¢€) 15/22

2
Gs(x,6) = —5 (3002 +6C9 +6C3 + (14— 35x)C} — 202) ~390CY +60C1 -78C)
X

_|_ JRN—

€2 xe€

+12C5 —78C3 +12C3 — (182 — 455x)CY + (28 — 70x)C} + 26CJ — 4C:
+ ((60 ~120x)CY + (132 — 144x)CY — (48 — 36x)C3 — (112 — 84x)CY

+ (16— 120)C8) Ho(x) + ((~480 + 120)CY - (96 - 1442)C3 - 36(1+ x)C}

+(~224 +336x)CY + (-8 + 12x)cg) Hl(x)) +0(e")

where
* Hyperlogarithms

z d /
Ha,d’;(z):f ,—Z Hﬁ;(zl)
0 2 —a

* Integration constants
- C(I),Cg,Cg,Cg,Cg,C},C%,C%,Ci,C% — unknown constants



I1.3 Integration Constants for G(x,¢€) 16/22

1
G = fO dx g5(x) Gs(x,0)

Calculate RHS
* direct integration

- HyperInt Panzer’14

— Mellin moments

i [1[2[3[4[5[6] 7 [8]9 10 11 | 12
gil1l1]1]1]|x[1]@-2?|1]x]|x@-x)]1-x]|1-x

Calculate LHS
e |BP reduction
* direct integration

dPS(3; x)
G5(€)—f dxfo2D6D7

- old IBP basis
dPS(3; x) = dPS(3) 8 (1-x — (g — k1)?)

— new IBP basis 1
f dx dPS(3; x) = dPS(3)
0



IT1.1 IBP Reduction for G *(¢) 17/22

Cutkosky rules for Cut Propagators

5(p3) 5(p3) 6(p3) 6((q - p1—p2—p3)?) &

Reduction

* run LiteRed Lee ’12

— 2 masters H(e)
H{={ Hy={1,2,7}

— denominators
D1 = (kg +k3)? Dy =(q - k) D3 =(q—ky—ky)?
Dy=(q—k1—k3)?® Ds=(q—kg—ks3)? D6=(k§)x D7=q ks
* example

2(2-3€) (3 - 4€) (1 - Te + 302 — 36¢3)
3¢€2 (1-5¢+6¢2)

GEe)=— Hi(e)



I11.2 Results for H(e) 18/22

Direct Calculation

¢ known in closed-form

1 59 (2263 2 72023 59 13
i et 2222 202 _ e
&) =15+ 75¢ (432 3 2)6 (2592 9 °2 (3)
2073631 2263 767 1 _\. _ =
- - - o
( 5552 54 2 36 T 13 C“)e +0(€)

e more effortful
* doable to any order (if needed)

Hz(é‘) —% —42(4 +0(€)



I1.4 Results for G(x,¢) 19/22

* we know integration constants now
¢ final result

1

G5(x,6‘) _ 1 Ho(x)+4H1(x)
3x

—— 4+ —(7-6x) Ho o(x) —2(5 — 3x) Ho 1(x)
€2 €

—2(2+ 3x) Hy o(x) — 2(5+ 3x) Hy 1(x) —2(1 - 3x) {2 + ((61 —54x)Ho 0,0(x)

+ (46 - 36x)H0,0,1(x) + 4H0,1,0(x) +28 Ho,l,l(x) —18x Ho,l,l(x) + 4H1,0,0(x)
+ 18x Hl,(),()(x) +16 Hl,(),l(x) + 4H1,1,0(x) +36x Hl’l’o(x) +10 Hl,l,l(x)

+54x Hl,l,l(x) + (2 (38 H()(x) —36x H()(x) -16 Hl(x)) + (36 - 18x) (:3) €|+ @(6‘2)




I.4 Results for F(x,z,¢) 20/22

* we know integration constants now
¢ final result

4
3(1—x)x2(1-2)z

3+x—4 1
x xZ+—(—2(3+x—4xz)H1(x)—(6—x
2¢2 €

Fi1(x,z,e) =

—5xz)Hy(x)—(8+x—4xz)Hp(z) - (3 —x—2xz)H1(z2) +6(1 — xz)Hl/x(z))

+9(1 - ) Ho 1 () + 8(3 +x — 4x2) Hy 1(x) + (24— T — 17x2) Ho o) + (2(6 — x
—5xz)H0(z)+4(3—x—2xz)H1(z)—15(1—xz)H;(z)—3(1—xz)H%(z))H0(x)
+H0(1—x)(5(3+x—4xz)H0(x)+4(3+x—4xz)H0(z)+4(3—x—2xz)H1(z)

~21(1 —xz)H;(z)—3(1—xz)H%(z)) +2(3+x —4x2)Hg o(2) +2(3 — x
—2x2z)Hp 1(2) - 12(1 - xz)HO,;(z) +2(3 —x—2x2)H10(2) +2(3 —2x —x2)H;j 1(2)
-6(2-x —xz)Hl,l(z) -9 —xz)Hl,O(z) -6(1- xz)H;,l(z) +15(1—x2)H1 1(2)

11
x’x

(2)+2(8-5x+2xz) 2| +O(€)

-3(1-x2)H - 0(z)+3(1 xz)H .l

l
’x



Project Fuchsia
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Based on the Lee algorithm Lee '14
— support multivariate systems

- alternatives: Canonica, epsilon

Open-source Gituliar, Magerya 16 "17
- http://github.com/gituliar/fuchsia

Implemented in Python
— SageMath
- Maxima

- Maple (optional)

Algorithms

1.

Fuchsification (Jordan form)
Get rid of apparent singularities

. Normalization (eigenvalues, eigenvectors)

Balance eigenvalues to a € form

Factorization (linear equations)
Reduce to the epsilon form

Block-triangular optimization


http://github.com/gituliar/fuchsia

Summary

22/22

Fuchsta project

¢ full implementation of Lee "14 algorithm
* open-source (Python, SageMath, Maxima)
* http://github.com/gituliar/fuchsia
® arXiv:1607.0079, arXiv:1701.04269
EEC Results
e all virtual terms
* masters for real terms
Cross-check

* Master Integrals
- higher Mellin moments
e EEC result
- cancellation of 1/¢? and 1/e poles
- soft limit for z — 0
— N =4 SYM Belitsky et al. '13

Thank you!


http://github.com/gituliar/fuchsia
arXiv:1607.0079
arXiv:1701.04269

