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General situation

» Each collision at the LHC involves interactions of quarks and gluons
— Understanding of strong interactions is critical to fully exploit
potential of the LHC

» Stringent limits on BSM have been set. So far, no new physics
— This calls for even more precise theoretical predictions
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General situation

» Each collision at the LHC involves interactions of quarks and gluons
— Understanding of strong interactions is critical to fully exploit
potential of the LHC

» Stringent limits on BSM have been set. So far, no new physics
— This calls for even more precise theoretical predictions

Predictions in perturbative QCD

» In the region where the strong coupling as « 1, fixed-order
perturbative expansions is expected to work well

o= 09 + «as01 + Oé?O'z + a53.03 + -

LO NLO NNLO N3LO
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Building blocks of N3LO amplitudes

> Born level

LA X
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Kinematic regions of gluon emissions

Gluons’ momenta in light-cone coordinates

=

70

ki) where kT =K'+ k*
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Kinematic regions of gluon emissions

Gluons’ momenta in light-cone coordinates

K= (ki ki

i

ki) where kT =K'+ k*

collinear k'~ (1,0%0) Q2 K
anti-collinear k' ~ (\?,1,)) Q?
hard ki~ (1,1,1) Q?

soft K~ (A 00 Q2

where A « 1 and Q? ~ O(1)
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Building blocks of N3LO amplitudes

> Born level
» N3LO

Sebastian Sapeta (IFJ PAN Krakéw) Soft limit of QCD amplitudes with external massive quarks 5/31



Building blocks of N3LO amplitudes

> Born level
» N3LO

T

single soft limit at two loops
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Soft factorization in QCD: tree level

g1 P1

s Gm=>0

Im Pn
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Soft factorization in QCD: tree level

g1 P1

b2y

Im Pn
O, 51*)0
|M(O)(q17'"7qmap17"'7pn)> « —q> J(O)(q17"'aqm) |M(O)(p17pn)>
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Soft factorization in QCD: tree level

g1 P1

b2y

Im Pn

0 0

..... m—0
|M(O)(q17 e qdm, P15 .- 7pn)> « —q> J(O)(q17 ) qm) |M(O)(p1 .. 7pn)>

> J(O)(ql7 ..., qm) is the soft current at tree level
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Soft factorization in QCD: higher orders

One loop

0., S,HO
|M(1)(q17 e qdm, P15 .- >pn)> « —q> J(l)(q17 ) qm) |M(O)(p1 .. 7pn)>

+J9 G, gn) IMD(pr . po)

Sebastian Sapeta (IFJ PAN Krakéw) Soft limit of QCD amplitudes with external massive quarks 7/31



Soft factorization in QCD: higher orders

One loop

|M(1)(q17 <o dm, P15 -

Two loops

M (q,..., Gm, p1, - .-
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0.l 50
o)) I gD gy, ) MO (py

+49%q1, ..., gm) MDD (pr ..

0....,q% >0
) BT @ (g, Gm) MO (py

+ J(O)(qla" '7qm) |M(2)(P1
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. ,Pn)>
<y Pn))

- Pn))
+ J(l)(q17 RN Qm) |M(1)(P]_ .

s IJrD >
s Pn))
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Soft current
In general

J=J9 4 gO 4 4@ 4
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Soft current
In general
J=J9 4 gO 4 4@ 4

The tree level result, for massive (p? > 0) and massless (p? = 0) hard
partons, takes the simple form

n p/J/
JM(O) _ T2 _Fi ,
a ’;- 1 p’ll . q

where n is the number of hard partons in the original amplitude M.
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Soft current
In general

J=J9 4 gO 4 4@ 4

The tree level result, for massive (p? > 0) and massless (p? = 0) hard
partons, takes the simple form

n p/J/
JM(O) _ T2 _Fi ,
a ’;- 1 p’ll . q

where n is the number of hard partons in the original amplitude M.
At one loop the soft current receives contributions from dipole emissions

n

Jg(l) = Z T?i Tj"jsa,i,j(pfvpf) {qm}) )
i=1
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Soft current
In general
J=J9 4 gO 4 4@ 4

The tree level result, for massive (p? > 0) and massless (p? = 0) hard
partons, takes the simple form

n p/J/
JM(O) _ T2 _Fi ,
a ’;- 1 p’ll . q

where n is the number of hard partons in the original amplitude M.
At one loop the soft current receives contributions from dipole emissions

Jg(l) = Z T?i Tj"jsa,i,j(pfvpf) {qm}) )
i=1

while at two loops both from dipole and tripole emissions

Z Tal Tajsa U(pn Pj, {qm} Z Ta' Ta] Taksa uk(pla Pjs Pk, {qm})
i#j i#j#k
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Soft current - state of the art

Massless fermions

> one loop
[Catani, Grazzini ‘00] exact in €
> two loops
[Li and Zhu ‘13] dipole O(€?)
[Duhr, Gehrmann ‘13] dipole, exact in €
[Dixon, Herrmann, Yan, Zhu ‘19] dipole, tripole O(GO)
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Soft current - state of the art

Massless fermions

> one loop
[Catani, Grazzini ‘00] exact in €
> two loops
[Li and Zhu ‘13] dipole O(€?)
[Duhr, Gehrmann ‘13] dipole, exact in €
[Dixon, Herrmann, Yan, Zhu ‘19] dipo/e, tripole O(GO)
Massive fermions
> one loop
[Bierenbaum, Czakon, Mitov ‘12, Czakon, Mitov ‘18] dipole O(e)

Our aim is to get the massive soft current at two loops to O(e)
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Kinematics

t(p,)
wh
g (q)
b (p,)
» Five invariants:
s1g = (p1 + q)2
S2q = (P2 + q)2
si2 = (p1+ p2)°
m? = p?
my = p5
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Details of the calculation

» Generate two-loop diagrams (196 in total) for the process:
Wt >t+b+g

in Feynman gauge, with FEYNARTS
P,

W+ k2

b,
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Details of the calculation

» Generate two-loop diagrams (196 in total) for the process:
Wt >t+b+g

in Feynman gauge, with FEYNARTS
P,

W+ k2

b, P

» Generate corresponding amplitude Aﬁ%%ﬂ-’g with FEYNCALC
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Details of the calculation

» Generate two-loop diagrams (196 in total) for the process:
Wt >t+b+g

in Feynman gauge, with FEYNARTS
P,

+

w k2

P, P,
» Generate corresponding amplitude Aﬁ%%ﬂ-’g with FEYNCALC
» Parameterize the gluon momenta

ki — Akq,

ko — Ako,

q — Ak,
expand the amplitude in A and take the leading (most singular) term.
This is the soft limit of Ai/f/)JrHth
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What happened to the propagators (and vertices)?

P, P,y
W+ ks

q

) P,
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What happened to the propagators (and vertices)?

P, P,y
W+ ks

q

) P,

» External quarks:

P1 B )‘K2 _ _P1 .
(1 — M) — 2 Apike (eikonal)
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What happened to the propagators (and vertices)?

P, p;
W+ k2
q
¥ L
» External quarks:
P~ Ak P

= ikonal
(p1 — Nk2)2 — 72 N ko (eikonal)

> Internal quarks:

Ay = Ak - ki — ks
(M1 — Ak2)2 Ak — ko)? (exact)
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What happened to the propagators (and vertices)?

P, p;
$4/+ k2
q
¥ L
» External quarks:
P~ Ak P

= ikonal
(p1 — Nk2)2 — 72 N ko (eikonal)

> Internal quarks:

Ay = Ak - ki — ks
(M1 — Ak2)2 Ak — ko)? (exact)

> Gluons:

e = SIPAE (exact)
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What happened to the propagators (and vertices)?

P, p;
W+ k2
q
¥ L
» External quarks:
P~ Ak P

= ikonal
(Pl _ )\k2)2 _ m% /\Pl'k2 (el ona )

> Internal quarks:

Ay = Ak - ki — ks
(M1 — Ak2)2 Ak — ko)? (exact)

> Gluons:
1 1

k)2~ X2(k)?
> Tipple-gluon vertex: exact

(exact)
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Details of the calculation

» Passarino-Veltman reduction — 928 scalar integrals
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Details of the calculation

» Passarino-Veltman reduction — 928 scalar integrals
» These integrals are build out of subsets of 22 propagators:

k® + e

k22 + i€

(ki + q)° + ie

(ko +q)* + ic

(ki + ko)? + i€

(ki + ko + q)° + ie
2ki-p1 + i€

2ki-po + i€

2ka-p1 + i€

2ka-po + i€
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2(ki + q)-p1 + ic

2(ki + q)-p2 + i€

2(ka + q)-p1 + i€

2(ka + q)-p2 + i€

2(ki + k2)-p1 + i€
2(ky + ko) p2 + i€
2kt + k2 4+ q)-p1 + i€
2(ki + ko + q)-p2 + i€
—2ki-p1 + i€

—2ky-pa + e

—2ko-py + e

—2ky-p2 + i€

Soft limit of QCD amplitudes with external massive quarks

13/31



Details of the calculation

» Passarino-Veltman reduction — 928 scalar integrals
» These integrals are build out of subsets of 22 propagators:

ki® + ie 2(ki + q)-p1 + ic
ko? + ie 2(ky +q)-p2 + e
(ki +q)° + ie 2(k2 +q)-p1 + i€

(k2 + q)° + ie
(k1 + k2)2 + ie
(kl + ko + q)2 + ie

2(/(1 + ka)-p1 + i€
2(ky + ko) p2 + i€

)
)
)
2(ko + q)-p2 + i€
)
)
2(ki + ko + q)-p1 + i€

2ki-p1 + i€
1P . 2(k1+k2+q)'p2+16
2ki-p2 + i€ .
2k . —2ki-p1 + i€
2k2.p1 + I'e ki -ps + i€
20p2 e ~Dky-py + i€
—2ky-p2 + i€

> We can significantly reduce the number of integrals by employing
IBP identities
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Integration by parts (IBPs)

In dimensional regularization, the integral over total derivative is zero

0 q"
d d

where q is an arbitrary loop or external momentum.
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Integration by parts (IBPs)

In dimensional regularization, the integral over total derivative is zero
0 gt
d% ... d% =5 | s5——55 | =0
o a a )
f Ok \ P{* - Py
where q is an arbitrary loop or external momentum.
» We used the KIRA package [Maierhofer, Usovitsch, Uwer ‘17; Klappert,

Lange, Maierhdfer, Usovitsch ‘20] and were able to reduce the original set
of 928 integrals to 65 master integrals
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Integration by parts (IBPs)
In dimensional regularization, the integral over total derivative is zero
0 el
d% ...d% = ( =0
o a a )
f Ok \ P{* - Py
where q is an arbitrary loop or external momentum.
» We used the KIRA package [Maierhofer, Usovitsch, Uwer ‘17; Klappert,
Lange, Maierhdfer, Usovitsch ‘20] and were able to reduce the original set

of 928 integrals to 65 master integrals

» 37 topologies
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Integration by parts (IBPs)

In dimensional regularization, the integral over total derivative is zero

0 q"
d d

where q is an arbitrary loop or external momentum.

» We used the KIRA package [Maierhofer, Usovitsch, Uwer ‘17; Klappert,
Lange, Maierhdfer, Usovitsch ‘20] and were able to reduce the original set
of 928 integrals to 65 master integrals

» 37 topologies
Example:
top; (a1, a2, a3, as, as, a6, ar, ag, ag) =
d¥kid9ky
Jkfalkzzaz(kl-&-k2)2‘33(k2-&-q)z‘a“(kl-ﬁ-kz-ﬁ-q)z‘%(2k2f31)‘36(2pz(k1'*‘fl))a7(—2klpl)‘38(—2k2p2)39
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Variables

As mentioned earlier, the process is characterized by five invariants, or,
equivalently, by five scalar products: p1-q, p2-q, p1-p2, P>, P3
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Variables

As mentioned earlier, the process is characterized by five invariants, or,
equivalently, by five scalar products: p1-q, p2-q, p1-p2, P>, P3

However, notice that the eikonal propagators have the following scaling
property
Pi Pi—Ap; Pi
—
pi- ki pi- ki
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Variables

As mentioned earlier, the process is characterized by five invariants, or,
equivalently, by five scalar products: p1-q, p2-q, p1-p2, P>, P3

However, notice that the eikonal propagators have the following scaling
property
Pi Pi—Ap; Pi
—
pi- ki pi- ki
Hence, our integrals will also be invariant under rescaling of the heavy
quark momenta, p; and p,. This can be achieved only by the three ratios

(p1-p2) (p1-p1) (P2-q) (p2-p2) (p1-q)
(p1-1)(p2-q)’ (p1-p2)(P1-q) (p1-p2)(p2-9)
~m? ~1 ~1
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Variables

As mentioned earlier, the process is characterized by five invariants, or,
equivalently, by five scalar products: p1-q, p2-q, p1-p2, P>, P3

However, notice that the eikonal propagators have the following scaling
property
Pi Pi—Ap; Pi
—
pi- ki pi- ki
Hence, our integrals will also be invariant under rescaling of the heavy
quark momenta, p; and p,. This can be achieved only by the three ratios

(p1-p2) (p1-p1) (P2-q) (p2-p2) (p1-q)
(p1-1)(p2-q)’ (p1-p2)(P1-q) (p1-p2)(p2-9)
~m? ~1 ~1

Loop integrals:

Jn dk? — dimensionless

JH dk,f‘_26 — m9™* per loop
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Variables

Hence, our integrals will evaluate to the following functions:

li(p1-q, p2-q, p1- P2, PY. P3) = G *Mi(a, az)
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Variables

Hence, our integrals will evaluate to the following functions:

li(p1-q, p2-q, p1- P2, PY. P3) = G *Mi(a, az)

where
q. = (p1-p2)
© (p-1)(p2rq)’
~ mi2(p2-q) ~ m52(pi-q)
a1 = g7———————, Qp = 77—~
2(p1-p2)2(p1-q) 2(p1-p2)2(p2-q)
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Variables
Hence, our integrals will evaluate to the following functions:

li(p1-q, p2-q, p1- P2, PY. P3) = G *Mi(a, az)

where
q. = (p1-p2)
© (pD)(pg)’
o = M2(p2-q) oy — M 2PLq)
2(p1-p2)2(p1-q)’ 2(p1-p2)2(p2-q)

And we can write differential equations our masters in terms of dimension-
less functions M; of dimensionless variables sy, a;:

o - .
TM(alaCQ) = ay (e, a1, a2) M(ay, az)
ap
o - .
TM(alaQZ) = b2(€;a17a2) M(OZl,Oéz)
a2
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System of differential equations!

M a1 a2 a3 o aues M,
5 M, a1 Ay a3 - a6 M,
Y | M| | a1 az2 a3 - 3365 Ms
5041 .
| Mes | [ aes,1 aes2 ass3 -+ 365,65 | | Mes |
My bii bip bz - bigs M,
5 M, b1 bo bz - bogs My
Y Mz | | b1 bz b3z -- b3gs Ms
60@ . .
| Mes | [ bes,i bes2 bess -+ beses | | Mes |

1Slide powered by ChatGPT...
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Closed subsystems

Size homogeneous

Size inhomogeneous

OO BRBWWNNN

WWNFEFFEFNFEFEANNENENMNENMNNFERENDND -
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Canonical form
All our differential systems, s € {1,...,48}, have the form

0 - -
;;;;Zflb4s = /lsi((yia 6) M,

where My = {My,..., My} < {My,..., Mes}.
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Canonical form
All our differential systems, s € {1,...,48}, have the form

0

Do Ms = Asi(ah 6) Ms

where My = {My,..., My} < {My,..., Mes}.

» But the set of masters {M, ..., Mgs} corresponds just to
a particular choice of basis in the space of integrals.

As observed in [Henn ‘13], by a proper change of basis of masters

Ms = TsJ:7
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Canonical form
All our differential systems, s € {1,...,48}, have the form

0

Do Ms = Asi(O‘h 6) Ms

where My = {My,..., My} < {My,..., Mes}.

» But the set of masters {M, ..., Mgs} corresponds just to
a particular choice of basis in the space of integrals.

As observed in [Henn ‘13], by a proper change of basis of masters
Ms = TsJ:7
the system of differential equations can be often written in the form

0
604,'

J; = eSs,-(a,-) J;
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Canonical form
All our differential systems, s € {1,...,48}, have the form

0 - -
;;;;Zf/b4s = /‘s;((X;, 6) M,

where My = {My,..., My} < {My,..., Mes}.

» But the set of masters {M, ..., Mgs} corresponds just to
a particular choice of basis in the space of integrals.

As observed in [Henn ‘13], by a proper change of basis of masters
Ii?s = .7-s~];
the system of differential equations can be often written in the form

o - .
EJS = ESS;(Oé,') Js

» The dependence on ¢ factorizes! This is the so-called canonical form.
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The only “but” is...

This all works provided that we can find the canonical form!
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The only “but” is...

This all works provided that we can find the canonical form!

There is no general algorithm
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The only “but” is...

This all works provided that we can find the canonical form!

There is no general algorithm but some research has been carried out,
and followed by tools:

> Lee algorithm [Lee ‘15], LIBRA [Lee 21]
» EPSILON [Prausa ‘17]

» CANONICA [Meyer ‘18]

» INITIAL [Dlapa, Henn, Wagner ‘22]
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The only “but” is...

This all works provided that we can find the canonical form!

There is no general algorithm but some research has been carried out,
and followed by tools:

> Lee algorithm [Lee ‘15], LIBRA [Lee 21]
» EPSILON [Prausa ‘17]

» CANONICA [Meyer ‘18]

» INITIAL [Dlapa, Henn, Wagner ‘22]

These algorithms are quite successful provided that the basis
transformation
Ms = TsJ57
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The only “but” is...

This all works provided that we can find the canonical form!

There is no general algorithm but some research has been carried out,
and followed by tools:

> Lee algorithm [Lee ‘15], LIBRA [Lee 21]
» EPSILON [Prausa ‘17]

» CANONICA [Meyer ‘18]

» INITIAL [Dlapa, Henn, Wagner ‘22]

These algorithms are quite successful provided that the basis
transformation

/\7,5 = TsJ_;7
is a rational function, i.e.
(o POX)
TJk Xi) = I )
s ( ) Q(Xi)

where P and Q are polynomials.
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Letters and alphabet

Let’s have a look at the canonical form again

(3,'./4= € S,‘(Oé,') Jﬂ
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Letters and alphabet

Let’s have a look at the canonical form again
(9,'./4= € S,‘(O&,‘) Jﬂ
The entries of the matrix look as follows:

5i,mn = Z ijn(e) L
J

Lj(ai)

where L;(c;) are letters of the alphabet.
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Letters and alphabet

Let’s have a look at the canonical form again
(9,'./4= € S,‘(O&,‘) Jﬂ
The entries of the matrix look as follows:

5i,mn = Z ijn(e) L
J

Lj(ai)

where L;(c;) are letters of the alphabet.

In our problem, the alphabet consists of the following letters:

Lj € {011, a9, 1-— a1 — (i, 1-— 4041042}
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Letters and alphabet

Let’s have a look at the canonical form again
(9,'./4= € S,‘(O&,‘) Jﬂ
The entries of the matrix look as follows:

5i,mn = Z ijn(e) L
J

Lj(ai)

where L;(c;) are letters of the alphabet.

In our problem, the alphabet consists of the following letters:

Lj € {Oq, a9, 1-— a1 — (i, 1-— 4041042}

When the matrix S; is being integrated iteratively, the integrals evaluate
to multiple polylogarithms:

G(0;x) = log(x), G(a;x) =log(1—%), G(0,1;x) = —Lix(x)

a
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Square roots

A subset of our 48 systems can be put into canonical form directly by
finding a rational transformation T.
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Square roots

A subset of our 48 systems can be put into canonical form directly by
finding a rational transformation T.

But for other systems, such a rational transformation cannot be found
with the original letters

{1, a2, 1 — g —an, 1 — 4oy}
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Square roots

A subset of our 48 systems can be put into canonical form directly by
finding a rational transformation T.

But for other systems, such a rational transformation cannot be found
with the original letters

{1, a2, 1 — g —an, 1 — 4oy}

This is because of implicit square roots lurking in our matrices...
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Square roots

A subset of our 48 systems can be put into canonical form directly by
finding a rational transformation T.

But for other systems, such a rational transformation cannot be found
with the original letters

{1, a2, 1 — g —an, 1 — 4oy}

This is because of implicit square roots lurking in our matrices...

However, the following change of kinematic variables

t1 =2ap, b =+1—4a10s,

leading to a new alphabet
{fh t, 1—ty, 1—t2, 11—t — b, 1—t1+t2},

allowed us to find the canonical form for those cases.
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So let's see what we hav

e got

Size inhomogeneous

Canonical form

No. | Size homogeneous
1-42 1-10
43 12
44 13
45 13
46 16
47 29
48 29

1-4

WWN - EN

ENENPSENENPSEN
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Evaluating integrals

Let’s put the systems 43 and 46 aside for a moment, and proceed with
the remaining ones, which we have in the canonical form.

Sebastian Sapeta (IFJ PAN Krakéw) Soft limit of QCD amplitudes with external massive quarks 24/31



Evaluating integrals

Let’s put the systems 43 and 46 aside for a moment, and proceed with
the remaining ones, which we have in the canonical form.
These systems are fully solved according to:

J(O) (Xl, Xg) = B(O)
(x1,%)
JD(xy, %) = J (S1dx] + Sadxy) IV (x], x}) + B

(a1,22)
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J(O) (Xl, Xg) = B(O)
(x1,%2)

JD(xy, %) = J (S1dx] + Sadxy) IV (x], x}) + B
(a1,22)

At this stage we need to
» Be able to evaluate iterated integrals in a clean and efficient manner
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J(O) (Xl, Xg) = B(O)
(x1,%)
JD(xy, %) = J (S1dx] + Sadxy) IV (x], x}) + B

(a1,22)

At this stage we need to
» Be able to evaluate iterated integrals in a clean and efficient manner

— PoLYLOGTOOLS [Duhr, Dulat ‘19]
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Evaluating integrals

Let’s put the systems 43 and 46 aside for a moment, and proceed with
the remaining ones, which we have in the canonical form.
These systems are fully solved according to:
J(O) (Xl, Xg) = B(O)
(a,%2)
IO (xq, 30) = J (S1dx] + Sadxy)JU=V(x], x5) + B

(a1,22)

At this stage we need to
» Be able to evaluate iterated integrals in a clean and efficient manner

— PoLYLOGTOOLS [Duhr, Dulat ‘19]

» Compute initial conditions
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Evaluating integrals

Let’s put the systems 43 and 46 aside for a moment, and proceed with
the remaining ones, which we have in the canonical form.
These systems are fully solved according to:
J(O) (Xl, Xg) = B(O)
(a,%2)
IO (xq, 30) = J (S1dx] + Sadxy)JU=V(x], x5) + B

(a1,22)

At this stage we need to
» Be able to evaluate iterated integrals in a clean and efficient manner

— PoLYLOGTOOLS [Duhr, Dulat ‘19]
» Compute initial conditions

— AMFLOW [Liu, Ma, Wang ‘18-'23]
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Evaluating integrals

Let’s put the systems 43 and 46 aside for a moment, and proceed with
the remaining ones, which we have in the canonical form.
These systems are fully solved according to:
J(O) (Xl, Xg) = B(O)
(a,%2)
IO (xq, 30) = J (S1dx] + Sadxy)JU=V(x], x5) + B

(a1,22)

At this stage we need to
» Be able to evaluate iterated integrals in a clean and efficient manner

— PoLYLOGTOOLS [Duhr, Dulat ‘19]
» Compute initial conditions
— AMFLOW [Liu, Ma, Wang ‘18-'23]

AMFLOW can also be used to numerically compute J) (x1, x2) outside of
the boundary and this can serve an ultimate validation of our solutions!
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So let's see what we have got

No. Size Size Canonical | Solved and validated
homogeneous | inhomogeneous form with AMFlow

1-42 1-10 1-4 v v

43 12 2 X X

44 13 1 v v

45 13 1 v v

46 16 2 X X

47 29 3 v X

48 29 3 v X
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System 43

P m €S, 0 0 ] m
ey Mas | = [R11 a11 aio| | Maa
| Me1 | [ Ri2 a1 a2 | | Me |
P [ m [ €S, 0 0] m]
Fr Mas | = |R21 bi1 bio| | Maa
| Me1| | R22 bo1 bop| | Me1 |

where S, S, are canonical submatrices for 10 out of 12 masters

m = [My, My, Mys, Mig, Moo, Mae, M3y, Ms3, Mss, Mss|
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System 43

P m €S, 0 0 ] m
ey Mas | = [R11 a11 aio| | Maa
| Me1 | [ Ri2 a1 a2 | | Me |
P [ m ] [ €S, 0 0] m]
Fr Mas | = |R21 bi1 bio| | Maa
| Me1| | R22 bo1 bop| | Me1 |

where S, S, are canonical submatrices for 10 out of 12 masters

m = [My, My, Mys, Mig, Moo, Mae, M3y, Ms3, Mss, Mss|

The question is: can we find a canonical of form the matrices:

a1 aie bi1 bip
a1 a2 b1 bop
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System 43

P m €S, 0 0 ] m
o Mas | = [R11 a11 aio| | Maa
| Me1 | [ Ri2 a1 a2 | | Me |
P [ m [ €S, 0 0] m]
P Mas | = |R21 bi1 bio| | Maa
| Me1| | R22 bo1 bop| | Me1 |

where S, S, are canonical submatrices for 10 out of 12 masters

m = [My, My, Mys, Mig, Moo, Mae, M3y, Ms3, Mss, Mss|

The question is: can we find a canonical of form the matrices:
a1 aie bi1 bip
a1 a2 b1 bop

» Standard algorithms of CANONICA and LIBRA do not find a rational
transformation. No surprise.
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System 43

P m €S, 0 0 ] m
ey Mas | = [R11 a11 aio| | Maa
| Me1 | [ Ri2 a1 a2 | | Me |
P [ m [ €S, 0 0] m]
Fr Mas | = |R21 bi1 bio| | Maa
| Me1| | R22 bo1 bop| | Me1 |

where S, S, are canonical submatrices for 10 out of 12 masters

m = [My, My, Mys, Mig, Moo, Mae, M3y, Ms3, Mss, Mss|

The question is: can we find a canonical of form the matrices:
a1 aie bi1 bip
a1 a2 b1 bop

» Standard algorithms of CANONICA and LIBRA do not find a rational
transformation. No surprise.

» We could however try to find it manually!
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System 43

Because there is still one thing | didn't tell you...
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System 43

Because there is still one thing | didn't tell you...

By definition, canonical form is achieved though the following
transformation
eS=T'AT - T T (%)
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System 43

Because there is still one thing | didn't tell you...
By definition, canonical form is achieved though the following
transformation

eS=T'AT - T T (%)
where A is our original matrix and T is the transformation matrix we are

looking for
T - vi1(ti, t2)  via(ti, &)
vo1(ti, t)  vao(ty, to)
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System 43

Because there is still one thing | didn't tell you...
By definition, canonical form is achieved though the following
transformation

eS=T'AT - T T (%)
where A is our original matrix and T is the transformation matrix we are

looking for
T - vi1(ti, t2)  via(ti, &)
vo1(ti, t)  vao(ty, to)

Eq. (%) can be used to generate four conditions for the entries of T

=0

(TrAT—T7dT)|
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System 43

Because there is still one thing | didn't tell you...
By definition, canonical form is achieved though the following
transformation

eS=T'AT - T T (%)
where A is our original matrix and T is the transformation matrix we are

looking for
T - vi1(ti, t2)  via(ti, &)
vo1(ti, t)  vao(ty, to)

Eq. (%) can be used to generate four conditions for the entries of T

=0
e=0

(TaT - T7%4T)

This leads to four partial differential equations for vj;(ty, t)
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System 43

)

1
A/ tit %Q

()

NI=
—
X
=
S
|

(NI

2
where x = l_tlt_tZ and P,(x) and Q,(x) are Legendre polynomials

tity
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System 43

1 | Qi(x) P_i(x)
\/E tzQ%<X) %% ’

1—t t
where x = tlt 2

can also be expressed via elliptic integrals:
2 1—x 1—x
=2 (7)< (7))
2 1—x
Pié(x) = ;E( 5 )
1+x 1+x
o= (15) 2(15)

%<X):E(1§X)
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System 43

1 | Qi(x) P_i(x)
\/E tzQ%<X) %% ’

where x = 1 ttlt £ and Pn(x) and Q,(x) are Legendre polynomials, which

can also be expressed via elliptic integrals:

o= 217 5 (15)
Py (x) = %E(lg’()
Q%(x)=K(1—;X) _2E(1—£X)

%<X):E(1§X)

» Hence, we found transformation to canonical form! We checked that
it's invertible and it works.

Q_
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System 43

1 | Qi(x) P_i(x)
\/E tzQ%<X) %% ’

where x = 1 ttlt £ and Pn(x) and Q,(x) are Legendre polynomials, which

can also be expressed via elliptic integrals:
-2 (152) (5)
Py (x) = %E(lg’()
Q%(x)=K(1—;X) _2E(1—£X)

Q1(x) = E(lgx)

» Hence, we found transformation to canonical form! We checked that
it's invertible and it works.

» The transformation is not rational and it involves elliptic integrals.
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Solutions for systems 43 and 46

Just like for other systems

(a,%)
J0 (x1, %) = f (S1dt; + Szdtz)J(i_l)(tl, t) + B

(a1,a2)
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Solutions for systems 43 and 46

Just like for other systems

(x1,%2)
J(i) (Xl,Xz) = f (Sldtl + Szdtz)./(i_l)(tl, t2) + B

(a1,a2)

Only that, now, some pieces of §; and S, depend on elliptic integrals
and irreducible square roots,
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Solutions for systems 43 and 46

Just like for other systems
(x1,%2)
JD (1, %) = f (S1dty + Sadtr) S0V (1, 1) + BY)
(a1,22)

Only that, now, some pieces of §; and S, depend on elliptic integrals
and irreducible square roots, i.e. they contain terms of the form

(x1,%2)
l+t)(l—ti—t)| G(—=1+t1,—1+t,—1+t1,t)
dtov/ti 22 E ( ’ - :
J VIR 2tit 1-t)(l-t+t)(l—t—t)
(a1,a32)

Sebastian Sapeta (IFJ PAN Krakéw) Soft limit of QCD amplitudes with external massive quarks

29/31



Solutions for systems 43 and 46

Just like for other systems
(x1,%2)
JD (1, %) = f (S1dty + Sadtr) S0V (1, 1) + BY)
(a1,22)

Only that, now, some pieces of §; and S, depend on elliptic integrals
and irreducible square roots, i.e. they contain terms of the form

(x1,%2)

1+b)(l—t—t)] G(-1+t,-1+t,—1+t1,t)

J dton/ti 2’ [

(a1,22)

2ti1tr I-t)(l-t+b)(l-t—t)

And those, and only those terms need to be integrated numerically.
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State of the art

No. Size Size Canonical | Solved and validated
homogeneous | inhomogeneous form with AMFlow

1-42 1-10 1-4 v v

43 12 2 X

44 13 1 v v

45 13 1 v v

46 16 2 X

47 29 3 v

48 29 3 v
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Conclusions and outlook

» Soft current is a necessary building block of higher order corrections
to processes studied at hadron colliders.
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» Soft current is a necessary building block of higher order corrections
to processes studied at hadron colliders.

» We embarked on the calculation of two-loop soft current with two
massive final-state quarks. This object will be necessary for computing
differential cross sections to N3LO corrections to processes involving
heavy quarks.
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to processes studied at hadron colliders.

» We embarked on the calculation of two-loop soft current with two
massive final-state quarks. This object will be necessary for computing
differential cross sections to N3LO corrections to processes involving
heavy quarks.

» We computed and validated all master integrals. The results are given
in a form of iterated integrals.

» We encountered several integrals which cannot be expressed through

MPLs but involve also elliptic integrals. Those pieces are computed
numerically.
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Conclusions and outlook

» Soft current is a necessary building block of higher order corrections
to processes studied at hadron colliders.

» We embarked on the calculation of two-loop soft current with two
massive final-state quarks. This object will be necessary for computing
differential cross sections to N3LO corrections to processes involving
heavy quarks.

» We computed and validated all master integrals. The results are given
in a form of iterated integrals.

» We encountered several integrals which cannot be expressed through
MPLs but involve also elliptic integrals. Those pieces are computed

numerically.

» This is not surprising for a two-loop calculation with massive particles.
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