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Mellin-Barnes integrals
General facts

One-fold case:

I1 =

∫ +i∞

−i∞

dz

2πi
xz

k∏
i=1

Γai (eiz + gi )

l∏
j=1

Γbj (fjz + hj)

N-fold case:

IN =

+i∞∫
−i∞

dz1
2πi
· · ·

+i∞∫
−i∞

dzN
2πi

xz11 · · · x
zN
N

k∏
i=1

Γai (~ei ·~z + gi )

l∏
j=1

Γbj (~fj ·~z + hj)

where ai , bj , k , l and N are positive integers and ei , fj are real
numbers and gi , hj can be complex (~ei , ~fj are N-dimensional
coefficient vectors and ~z = (z1, ..., zN)).
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Mellin-Barnes integrals
General facts

The class of integrals we consider in this work

+i∞∫
−i∞

dz1
2πi
· · ·

+i∞∫
−i∞

dzN
2πi

xz11 · · · x
zN
N

k∏
i=1

Γai (~ei ·~z + gi )
n∏

k=1
ψck (mk , ~ik ·~z + jk)

l∏
j=1

Γbj (~fj ·~z + hj)
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Mellin-Barnes integrals
General facts

MB integrals historically come from hypergeometric function theory.

In high energy physics, they can be used to compute Feynman
integrals.

AMBRE [Gluza et al. 2007] automatizes the derivation of their MB
representations.

MBConicHulls allows the automatic analytic computation of
multiple MB integrals.

arXiv:2309.00409 (PRD)

arXiv:2212.1139 (PRD) ⇒ MTTD 2023
arXiv:2012.15108 (PRL) Acta. Phys. Polon. Supp. 17 (2024)
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Mellin-Barnes integrals
The MBConicHulls package

What do we mean by analytic computation?

MB integral ⇒ MBConicHulls ⇒ series representations.

General form of the MB ⇒ These series converge or not
(asymptotic)

If converging (in the degenerate case):
• Regions of convergence can/must be found.
• They provide transformation formulas, analytic continuations.

MBConicHulls also works with straight contours of integration.
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Mellin-Barnes integrals
The MBConicHulls package

A typical MB integral that the package can compute:

1
(2πi)9

∫ +i∞

−i∞
...

∫ +i∞

−i∞

9∏
i=1

(
dzi w

zi
i Γ(−zi )

)
× Γ(α1 + z1 + z2 + z3 + z4 + z5 + z6 + z7 + z8 + z9)

× Γ(α2 + z1 + z5 + z8 + z9)Γ(α3 + z2 + z6 + z7 + z8)

× Γ(α4 + z3 + z4 + z5 + z6)Γ(α5 − z4 − z5 − z6 − z7 − z8 − z9)

× Γ(α6 − z1 − z2 − z3 − z5 − z6 − z8)
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Mellin-Barnes integrals
Feynman integrals

Now, what happens with Feynman integrals?

• The MB representations are degenerate
• Often the number of different scales is smaller than the

number of integration variables
• The MB integrals are regularized (ε appears in the gamma

functions)
• The usual strategy is to first solve the ε singularities
• One can then perform the ε expansion
⇒ This is where polygamma functions can appear
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Mellin-Barnes integrals
Feynman integrals

A simple example: the J011(1,2,2) sunset [Davydychev and Kalmykov 2001]

Sunsets (or sunrises) are two-loop Feynman integrals of the type

Hσ,ν1,ν2(m1,m2,m3; p2) ≡∫
ddk1d

dk2[
(k1 − p)2 −m2

1 + i0
]ν1 [k2

2 −m2
2 + i0

]σ [
(k1 − k2)2 −m2

3 + i0
]ν2

where d = 4− 2ε.

In our case,
J011(1, 2, 2) = (iπ2−εΓ(1 + ε))−2H1,2,2(m, 0,m;m2)|m→1.
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Mellin-Barnes integrals
Feynman integrals

A simple example: the J011(1,2,2) sunset

Davydychev and Kalmykov have shown that

J011(1, 2, 2) =
1
3ε2

(
Γ(1 + 2ε)Γ(1− ε)

Γ(1 + ε)
− 1
)

whose ε expansion reads

J011(1, 2, 2) =
π2

9
+

1
3
ψ(2, 1)ε+

π4

30
ε2 +O(ε3)

which can also be written as

J011(1, 2, 2) =
2
3
ζ2 −

2
3
ζ3ε+ 3ζ4ε2 +O(ε3)
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Mellin-Barnes integrals
Feynman integrals

A simple example: the J011(1,2,2) sunset

Mellin-Barnes approach

Find the MB representation of J011(1,2,2) using AMBRE [Gluza et al.

2007]

J011(1, 2, 2) =

√
π

21+2ε
Γ(1− ε)
Γ(1 + ε)2

×
∫ +i∞

−i∞

dz

2πi

(
−1
4

)z Γ(−z)Γ(1 + z)Γ(1 + ε+ z)Γ(1 + 2ε+ z)

Γ
(3

2 + ε+ z
)

Γ(2− ε+ z)

Samuel Friot September 15, 2025 Automated analytic evaluation of Mellin-Barnes integrals having polygamma functions in their integrand12 / 23



Mellin-Barnes (MB) integrals
Polygamma functions

Conclusion and Outlook

Mellin-Barnes integrals
Feynman integrals

A simple example: the J011(1,2,2) sunset

Performing the ε expansion at the integral level, we get, for the first
three terms:

J011(1, 2, 2) =

√
π

2

∫ +i∞

−i∞

dz

2πi

(
−

1

4

)z Γ(−z)Γ(1 + z)3

Γ
(

3
2 + z

)
Γ(2 + z)

×
[
1 + ε

(
−2 + 4γE + ψ

(
0,

3

2

)
+ 3ψ(0, 1 + z)− ψ

(
0,

3

2
+ z

)
+ ψ(0, 2 + z)

)
+

+ ε
2
(

2− 8γE + 8γ2
E −

π2

12
− (2− 4γE )ψ

(
0,

3

2

)
+

1

2
ψ

(
0,

3

2

)2
+

[
−2 + 4γE + ψ

(
0,

3

2

)]

×
[
3ψ (0, 1 + z)− ψ

(
0,

3

2
+ z

)
+ ψ (0, 2 + z)

]
+

9

2
ψ (0, 1 + z)2 − 3ψ (0, 1 + z)ψ

(
0,

3

2
+ z

)
+

1

2
ψ

(
0,

3

2
+ z

)2
+ 3ψ (0, 1 + z)ψ (0, 2 + z)− ψ

(
0,

3

2
+ z

)
ψ (0, 2 + z) +

1

2
ψ (0, 2 + z)2

+
5

2
ψ (1, 1 + z)−

1

2
ψ

(
1,

3

2
+ z

)
−

1

2
ψ (1, 2 + z)

)
+O(ε3)

]
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Polygamma functions
Definition and basic properties

Polygamma functions of order m are defined as

ψ(m, z) =
dm

dzm
ψ(0, z)

where ψ(0, z) = d
dz ln Γ(z) is the digamma function.

At all non positive integers, polygamma functions of order m have
poles of order m + 1.
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Polygamma functions
Definition and basic properties

In a similar way as the relation

Γ(z) =
Γ(z + 1)

z

can be used iteratively to obtain

Γ(z − n) =
Γ(z + 1)Γ(1− z)(−1)n

z Γ(n + 1− z)

one can get, from the relation

ψ(m, z) = ψ(m, z + 1) +
(−1)m+1m!

zm+1

the following useful result

ψ(m, z − n) =
(−1)m+1m!

zm+1 + ψ(m, z + 1) + (−1)m+1m!
n−1∑
k=0

1
(z − n + k)m+1
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How to handle these with MBConicHulls

How to handle these with MBConicHulls?

Let us focus on the following simple one-fold integral

3
√
π

2

∫ +i∞

−i∞

dz

2πi

(
−1
4

)z Γ(−z)Γ(1 + z)3

Γ
(3

2 + z
)

Γ(2 + z)
ψ(0, 1 + z)

This integral, in the MBConicHulls syntax, reads
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Polygamma functions
How to handle these with MBConicHulls

Solving this integral is next performed as usual with ResolveMB[]:
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Polygamma functions
How to handle these with MBConicHulls

Focusing on the first series, we get

which can be summed as
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Polygamma functions
How to handle these with MBConicHulls

Doing the same exercise with all the other integrals

J011(1, 2, 2) =

√
π

2

∫ +i∞

−i∞

dz

2πi

(
−

1

4

)z Γ(−z)Γ(1 + z)3

Γ
(

3
2 + z

)
Γ(2 + z)

×
[
1 + ε

(
−2 + 4γE + ψ

(
0,

3

2

)
+ 3ψ(0, 1 + z)− ψ

(
0,

3

2
+ z

)
+ ψ(0, 2 + z)

)
+

+ ε
2
(

2− 8γE + 8γ2
E −

π2

12
− (2− 4γE )ψ

(
0,

3

2

)
+

1

2
ψ

(
0,

3

2

)2
+

[
−2 + 4γE + ψ

(
0,

3

2

)]

×
[
3ψ (0, 1 + z)− ψ

(
0,

3

2
+ z

)
+ ψ (0, 2 + z)

]
+

9

2
ψ (0, 1 + z)2 − 3ψ (0, 1 + z)ψ

(
0,

3

2
+ z

)
+

1

2
ψ

(
0,

3

2
+ z

)2
+ 3ψ (0, 1 + z)ψ (0, 2 + z)− ψ

(
0,

3

2
+ z

)
ψ (0, 2 + z) +

1

2
ψ (0, 2 + z)2

+
5

2
ψ (1, 1 + z)−

1

2
ψ

(
1,

3

2
+ z

)
−

1

2
ψ (1, 2 + z)

)
+O(ε3)

]

we confirm (numerically ) Davydychev and Kalmykov’s result.
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Conclusion
Summary

• The Mathematica package MBConicHulls.wl has been
improved to include the computation of MB integrals with
polygamma functions in their integrand.
• Non-trivial checks have been performed to test the validity of

the code.
• The present version of the package provides a full automatic

analysis only for non-staight contours of integration.
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Conclusion
Future Work

There is still a lot of work to be done:
• Automatize the straight contours case.
• Study asymptotic cases involving polygamma functions

More generally for MBConicHulls.wl:

• Improve the method for Feynman integrals having less scales
than integration variables.
• Better understand the properties of the master series.
• Develop a systematic way to reach the "white zones".
• Study non-degenerate MB integrals deeper (links with

asymptotics in several variables, resurgence, etc.).
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