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What is 
BabaYaga@NLO?



25 years of BabaYaga
Disclaimer:  

I was born after BabaYaga. 
I will present what I learned 

and contributed to

2001 - Improved PS 
C.M. Carloni Calame, 
Phys. Lett. B 520 (2001) 16 

2004 - BabaYaga3.5 
C.M. Carloni Calame et al., 
Nucl. Phys. Proc. Suppl. 131 (2004) 48 

2006 - BabaYaga@NLO 
for Bhabha at flavour factories 
Balossini et al., 
Nucl. Phys. B758 (2006) 227

2000 - BabaYaga 
C.M. Carloni Calame et al., 
Nucl. Phys. B 584 (2000) 459 

2008 - BabaYaga@NLO  
Balossini et al., 
Phys. Lett. 663 (2008) 209 

e+e+ → γγ

2011 - Dark Photon 
Barzè et al., 
Eur. Phys. J. C 71 (2011) 1680 

2001 
I was born

2018 
I started studying 
Physics

2025 -  
E. Budassi et al., 
JHEP 05 (2025) 196 

e+e+ → π+π−

2023 
I started the PhD 
working on BabaYaga

2025 - New Physics in SABS 
M. Chiesa et al., 
Phys.Rev.D 112 (2025) 1

2019 - NLO EW  
C. M. Carloni Calame et al., 
Phys.Lett.B 798 (2019) 

e+e+ → γγ
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QED beyond fixed order

Fixed order calculations 
increase precision in the 

perturbative coupling expansion
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QED beyond fixed order

Due to the presence of large logarithms 
also the log expansion is needed for 
high precision

L = log
s

m2
e

∼ 𝒪(10)

Logarithmic expansion in LN = N log Q2/m2
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QED beyond fixed order

Logarithmic expansion in LN = N log Q2/m2
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QED beyond fixed order

Logarithmic expansion in LN = N log Q2/m2
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QED beyond fixed order

Logarithmic expansion in LN = N log Q2/m2
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QED beyond fixed order

Logarithmic expansion in LN = N log Q2/m2

1
2

α2 L2
Co

up
lin

g 
ex

pa
ns

io
n 

in
 α

N

LO

NLO

α0

NNLO

H.O.

α L

1
2

α2 L
1
2

α2

∞

∑
n=3

1
n!

αn Ln
∞

∑
n=3

1
n!

αn Ln−1

LL NLL NNLL

… …

α



francesco.ucci@pv.infn.it Matter to the deepest 2025, Katowice

QED beyond fixed order

Logarithmic expansion in LN = N log Q2/m2
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We want to stop in the  
expansion at some order

α
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QED beyond fixed order

Logarithmic expansion in LN = N log Q2/m2
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But we want to resum 
all the logarithms in a 
calculable way

We want to stop in the  
expansion at some order

α
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QED beyond fixed order

Logarithmic expansion in LN = N log Q2/m2
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This can be done via 
different approaches

Structure functions

 YFS/CEEX

Parton shower

E.A. Kuraev and V.S. Fadin, Sov. J. Nucl. Phys. 41 (1985) 466. 
O. Nicrosini and L. Trentadue, Phys. Lett. B 196 (1987) 551.

S. Jadach, B.F.L. Ward and Z. Was,  Phys. Rev. D 63 (2001) 113009 
S. Jadach, W. Placzek and B.F.L. Ward,  Phys. Lett. B 390 (1997) 298 

C.M. Carloni Calame et al., Nucl. Phys. B 584 (2000) 459  
J. Fujimoto, Y. Shimizu and T. Munehisa, Prog. Theor. Phys. 90(1993)177
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QED Structure functions

σ(s) = ∫ dx1dx2dy1dy2 ∫ dΩD(x1, Q2)D(x2, Q2)D(y1, Q2)D(y2, Q2)
dσ0(x1x2s)

dΩ
Θ(cuts)

D(x1, Q2)
E x1E

D(x1, Q2)
x2E E

σ0(x1x2s)

D(y1, Q2)

D(y2, Q2)

QED corrected 
cross section

Hard-process 
cross section

Master Formula

Convolution of SFs
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=
1 + z2

1 − z

QED Structure functions

Q2 ∂
∂Q2

D(x, Q2) =
α
2π ∫

1

0

ds′￼

s′￼

P+(s′￼)D ( x
s′￼

, Q2)

Π(Q2, m2)δ(1 − x)

+
α
2π ∫

s

m2

Π(Q2, s′￼)
ds′￼

s′￼

Π(s′￼, m2)∫
x+

0
dy P(y)δ(x − y)

+2 photons…

DGLAP Equation

Sudakov form factor

Probability that the particle evolves from 
virtuality  to  without emitting a photon 
with energy fraction bigger than 

s1 s2
ϵ = 1 − x+

Altarelli-Parisi splitting function

s1 s2

Splitting of a particle of energy  in a daughter 
of energy 

E
xE

E
xE

(1 − x)E

Structure Functions (FS) are solutions of the DGLAP equation

D(x, Q2) =

SF generate all the emissions in collinear approximation

= exp [−
α
2π ∫

s2

s1

ds′￼

s′￼ ∫
x+

0
dzP(z)]Π(s1, s2)

P(z)
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QED PS algorithm

The Parton Shower (PS) algorithm is a Monte Carlo 
exact solution of the DGLAP equation

dσLL
PS = Π(ϵ, Q2)

∞

∑
n=0

1
n!

ℳLL
n

2
dΦn

Energy spectrum Angular spectrum
In the PS approach, you can generate 
the photon kinematics with p⊥ ≠ 0

I(k) = ∑
ij

ηiηj
pi ⋅ pj

(pi ⋅ k)(pj ⋅ k)
k2

0

Energy generated 
as the A-P splitting

P(z) =
1 + z2

1 − z

The eikonal function  is exponentiated, as it gives the 
same integral as of the PS kinematics

I(k)

= exp {−
α
2π }

Sudakov FF

I+ log
Q2

m2

Π(ϵ, Q2) = exp {−
α
2π ∫

1−ϵ

0
dzP(z)∫ dΩkI(k)}ℳLL

1
2

=
α
2π

P(z) I(k) |ℳ0 |2 J
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BabaYaga@NLO master formula

dσNLOPS = FSVΠ(ϵ, Q2)
∞

∑
n=0

1
n! (

n

∏
i=0

FH,i) ℳLL
n

2
dΦn

BabaYaga@NLO
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BabaYaga@NLO master formula

dσNLOPS = FSVΠ(ϵ, Q2)
∞

∑
n=0

1
n! (

n

∏
i=0

FH,i) ℳLL
n

2
dΦn

Soft+virtual

Real

𝒪(α)

Exact NLO

(1 + Cα) |ℳ0 |2 dΦ0

dσα

|ℳ1 |2 dΦ1

virtual and real 
corrections are exact

BabaYaga@NLO
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BabaYaga@NLO master formula

dσNLOPS = FSVΠ(ϵ, Q2)
∞

∑
n=0

1
n! (

n

∏
i=0

FH,i) ℳLL
n

2
dΦn

virtual and real emissions 
are approximated

LL PS

(1 + CLL
α ) |ℳ0 |2 dΦ0

|ℳLL
1 |2 dΦ1

dσLL
α

Soft+virtual

Real

𝒪(α)

Exact NLO

(1 + Cα) |ℳ0 |2 dΦ0

dσα

|ℳ1 |2 dΦ1

virtual and real 
corrections are exact

BabaYaga@NLO
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BabaYaga@NLO master formula

dσNLOPS = FSVΠ(ϵ, Q2)
∞

∑
n=0

1
n! (

n

∏
i=0

FH,i) ℳLL
n

2
dΦn

FSV = 1 + (Cα − CLL
α )

virtual and real emissions 
are approximated

In BabaYaga@NLO, the PS is matched with 
the NLO calculation via the correction factors

FH = 1 +
ℳ1

2
− ℳLL

1
2

ℳLL
1

2

Matched PS

affects the normalisation

LL PS

(1 + CLL
α ) |ℳ0 |2 dΦ0

|ℳLL
1 |2 dΦ1

dσLL
α

Soft+virtual

Real

dσα
NLOPS𝒪(α)

Exact NLO

(1 + Cα) |ℳ0 |2 dΦ0

dσα

|ℳ1 |2 dΦ1

virtual and real 
corrections are exact

BabaYaga@NLO

 exact Matrix Element 
 permutations of   ME

1γ
nγ 1γ

dΦn The phase space is exact at all orders
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QED beyond fixed order

Logarithmic expansion in LN = N log Q2/m2
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YFS + matching 
PS + matching 

CEEX + NLO

MCGPJ 
BHWIDE, Sherpa 
BabaYaga@NLO 
KKMC

CodeApproach
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QED beyond fixed order

Logarithmic expansion in LN = N log Q2/m2
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Theoretical error = 
first missing term ∼ 5 × 10−4 − 10−3
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QED beyond fixed order

Logarithmic expansion in LN = N log Q2/m2
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Status of BabaYaga

e+e− → e+e−

e+e− → μ+μ−

e+e− → π+π−

e+e− → γγ

e+e− → e+e−γ

e+e− → μ+μ−γ

e+e− → π+π−γ

Process Order Accuracy

NLOPS QED 
LO EW 
LO SMEFT

NLOPS QED 
LO EW

NLOPS QED 
FF (FxsQED, GVMD, FSQED)

NLOPS QED 
NLO EW

NLOPS QED

NLOPS QED

NLOPS QED 
FF (FxSQED)W

or
k 

in
 P

ro
gr

es
s

Pu
bl

is
he

d

𝒪(0.1%)

𝒪(0.1%)

𝒪(0.1%)

𝒪(0.1%) ⊕ δFπ
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BabaYaga@NLO 
for luminosity
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e−e+

Nexp
e+e−→X

Count of events in 
certain cuts

L
Machine Luminosity

Experimental 
acceptance ϵ

X

Luminosity measurements

σexp
e+e−→X =

1
ϵ

Nexp
e+e−→X

L

δσexp
e+e−→X

σexp
e+e−→X

δNexp
e+e−→X

Nexp
e+e−→X

δL
L

⊕= δϵ
ϵ

⊕

At precision machines is important to 
have a small luminosity uncertainty

MW, ΓW

σ(e+e− → HZ)240 GeV

“Luminosity converts events into cross sections”
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L = ∫ ℒdt =
1
ϵ

N0

σth
0

At lepton colliders, the 
Luminosity is measured 

through a benchmark process

Luminosity measurements

e+e− → e+e−e+e− → γγ

δL
L

δϵexp

ϵexp

δσth
0

σth
0

δN0

N0

⊕

⊕

=

σ ≃ 𝒪(102 − 103 nb)

Error Requests

Large cross section

Low background, 
clear exp. signature

σ(n) = ( α
π )

n

logn Q2

m2
e

Calculable at high precision 

FCC/CEPC

At past, present and future colliders: 
two alternative processes

Di-photon 
A pure QED process 

Bhabha 
At small angles, a 

QED process

< 10−4 ÷ 10−5

< 10−6

< 10−4 ÷ 10−5

≃ 10−5
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Results with BabaYaga@NLO

7! Me+e≠ invariant mass and acollinearity distributions, setup (a)
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Theoretical precision

Correction vs Setup A B C D

-11.61 -14.72 -16.03 -19.57

0.39 0.82 0.73 1.44

0.35 0.74 0.68 1.34

-0.34 -0.57 -0.34 -0.56

-0.30 -0.49 -0.29 -0.46

δHO =
σNLOPS − σNLO

σLO

δPS
HO =

σ∞
PS − σα

PS

σLO

δnon−log
α =

σNLO − σα
PS

σLO

δα =
σNLO − σLO

σLO

δnon−log
∞ =

σNLOPS − σPS

σLO

The size of radiative corrections has been studied in 
typical flavour factories setups

A 
B 
C 
D

-factoriesϕ

B-factories

   PS
   NLOPS

   PS-NLOPS
  NLOPS

δPS
HO ≃ δHO

δnon−log
∞ ≃ δnon−log

α
The missing NLO finite corrections are 
included

The higher orders are added to the NLO
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Estimating the theoretical accuracy

S. Actis et al. Eur. Phys. J. C 66 (2010) 585
“Quest for precision in hadronic cross sections at low energy: Monte Carlo tools vs. experimental data”

• It is extremely important to compare independent
calculations/implementations/codes, in order to
7! asses the technical precision, spot bugs (with the same th. ingredients)
7! estimate the theoretical error when including partial/incomplete higher-order

corrections
• E.g. comparison BabaYaga@NLO vs. Bhwide at KLOE
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Tuned comparisons

Large angle Bhabha: tuned comparisons & technical precision

Without vacuum polarization, to compare QED corrections consistently

At the � and ·–charm factories (cross sections in nb)
By BabaYaga group, Ping Wang and A. Sibidanov

setup BabaYaga@NLO BHWIDE MCGPJ ”(%)
Ô

s = 1.02 GeV, 20¶
Æ Ëû Æ 160¶ 6086.6(1) 6086.3(2) — 0.005

Ô
s = 1.02 GeV, 55¶

Æ Ëû Æ 125¶ 455.85(1) 455.73(1) — 0.030
Ô

s = 3.5 GeV, |Ë+ + Ë≠ ≠ fi| Æ 0.25 rad 35.20(2) — 35.181(5) 0.050

7! Agreement well below 0.1%

At BaBar (cross sections in nb)
By A. Hafner and A. Denig

angular acceptance cuts BabaYaga@NLO BHWIDE ”(%)

15¶
÷ 165¶ 119.5(1) 119.53(8) 0.025

40¶
÷ 140¶ 11.67(3) 11.660(8) 0.086

50¶
÷ 130¶ 6.31(3) 6.289(4) 0.332

60¶
÷ 120¶ 3.554(6) 3.549(3) 0.141

7! Agreement at the ≥ 0.1% level
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At the Φ and τ–charm factories

By BabaYaga group, Ping Wang and A. Sibidanov

At BaBar

By A. Hafner and A. Denig

Tests shows an agreement at level, which is the 
theoretical accuracy of BabaYaga@NLO

0.1 %

At KLOE S. Actis et al. Eur. Phys. J. C 66 (2010) 585
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BabaYaga at flavour factories

𝒪(0.5%)

Logarithmic expansion in LN = N log 1GeV2/m2
e

Co
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 α
N

LO

NLO

𝒪(90%)

NNLO

H.O.

𝒪(10%)

LL NLL NNLL

𝒪(0.5%) 𝒪(0.05%) 𝒪(0.01%)

𝒪(0.01%)

Size of Radiative corrections in a typical flavour-factory setup

The theoretical error starts at 𝒪(α2)
dσNNLO ∝

1
2

cLL
α2 α2 L2

1
2

cnon−log
α2 α2

       LL is correct 
resumed in PS approach

      NLL not exact 
but part is captured by the product 
of NLO non-log and LL

CLL
α × cNLL

α α = −
α2

2π
I+ log Q2m2

1
2

cNLL
α2 α2 L2

~

      non-log not under control 
There is no approximation. 
NNLO matching needed



francesco.ucci@pv.infn.it Matter to the deepest 2025, Katowice

Theoretical error

σα2 = σα2

SV + σα2

SV,H + σα2

HH vs  BabaYaga@NLO  𝒪(α2)

Comparison with NNLO calculation for ‡–
2

SV

Using realistic cuts for luminosity at KLOE
Comparison of ‡

–2
SV calculation of BabaYaga@NLO with

• Penin (photonic): function of the logarithm of the soft photon cut–o� (left plot) and a fictitious electron
mass (right plot)
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ı di�erences are infrared safe, as expected

ı ”‡(photonic)/‡0 Ã –2L, as expected

• Numerically, for various selection criteria at the � and B factories

‡–2
SV(Penin) ≠ ‡–2

SV(BabaYaga@NLO) < 0.02% ◊ ‡0

F. Piccinini (INFN, Pavia) BabaYaga 19 / 21

Leptonic and hadronic loops & pairs at NNLO

• The exact NNLO virtual corrections + 2 æ 4 matrix elements e
+

e
≠

æ e
+

e
≠(l+

l
≠)

[l = e, µ, · ], e
+

e
≠

æ e
+

e
≠(fi+

fi
≠) are available

• Compared to the approximation in BabaYaga@NLO, using realistic luminosity cuts
(Si © ‡

NNLO
i /‡BY )

Ô
s ‡BY Se+e≠ [‰] Slep [‰] Shad [‰] Stot [‰]

KLOE 1.020 NNLO -3.935(4) -4.472(4) 1.02(2) -3.45(2)
BB@NLO 455.71 -3.445(2) -4.001(2) 0.876(5) -3.126(5)

BES 3.650 NNLO -1.469(9) -1.913(9) -1.3(1) -3.2(1)
BB@NLO 116.41 -1.521(4) -1.971(4) -1.071(4) -3.042(5)

BaBar 10.56 NNLO -1.48(2) -2.17(2) -1.69(8) -3.86(8)
BB@NLO 5.195 -1.40(1) -2.09(1) -1.49(1) -3.58(2)

Belle 10.58 NNLO -4.93(2) -6.84(2) -4.1(1) -10.9(1)
BB@NLO 5.501 -4.42(1) -6.38(1) -3.86(1) -10.24(2)

ı The uncertainty due to leptonic and hadronic pair NNLO corrections is at the level
of a few units in 10≠4

Carloni, Czyø, Gluza, Gunia, Montagna, Nicrosini, Piccinini, Riemann et al., JHEP 1107 (2011) 126

F. Piccinini (INFN, Pavia) BabaYaga 20 / 21

To quantify the theoretical error of BabaYaga, we can compare the exact NNLO versus the PS matched expanded 

σα2

SV

A. Penin, PRL 95 (2005) 010408 
Nucl. Phys. B734 (2006) 185

δσ(Photonic)
σLO

∝ α2L

Photonic Fermionic Nf = 1
σα2

SV(Penin) − σα2

SV(BY@NLO) < 0.02 % σLO

σα2

HH

Carloni, Czyż, Gluza, Gunia, Montagna, Nicrosini, Piccinini, Riemann et al., JHEP 1107 (2011) 126

Photonic f ≠ e Real pairs

δσpairs ∼ 10−4
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BabaYaga@NLO 
at future colliders
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FCC luminosity with e+e− → γγ

At least two photons 
 20 ≤ θγ ≤ 160

Eγ ≥ 0.25 s
s = 91,160,240,365 GeV

Comparison of digamma and Bhabha luminometry at FCC-ee

Relative effect of ElectroWeak corrections vs QED
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δσSM

σSM

FCC

th

≤ 10−4

×

Contact Heavy Light/Feeble

δσNP

σSM
≃ ?

Standard Model

γ

e− e−

e+ e+

New Physics

New Physics in SABS?

New Physics d.o.f. could contaminate the SABS

δσNP

σSM
∝

2Re ℳSMℳ†
NP

|ℳSM |2

From the SM side you need Monte Carlo Generators 
able to simulate collisions at this level of precision At what level?

σ(n) = ( α
π )

n

logn Q2

m2
e
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Light New Physics ΛNP ≪ ΛEW

σALPs

σSM
≤ 10−7

Dark Vectors

1
4

gaγγ(FμνF̃μν)a

gaγγ ≃ 2 × 10−4 GeV−1(gaee, ma) ≃ (3 × 10−3,1 GeV)

gaee (ē iγ5e)a

(Pseudo)scalar ALPs

gaee

gaee

gaγγ

We rely on specific model with assigned spin and parity

g′￼V (ē γμ e) Vμ + g′￼Aē (γμγ5) e Vμ

X17

(6 × 10−4,17 MeV)

The LNP contribution is negligible at  level10−5

(g′￼V, MV) ≃ (3 × 10−4,1 GeV)

Z′￼

ALP mixing with photons
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Z

ΔgZe
L,R ≠ 0

ℒSMEFT = ℒSM + ∑
i

Ci

Λ2
NP

Ô(6)
i + 𝒪(Λ−4

NP)

The most comprehensive way to consider HNP 
effects is the SMEFT framework

Deviations in couplings

New interactions

ℒSMEFT ⊃ ∑
ij

Cij

Λ2
NP

(eiγμei)(ejγμej)

g = gSM + Δg

Four fermion operators 
absent in the SM 

Heavy New Physics ΛNP ≫ ΛEW

(δ ± Δδ)SMEFT =
1

σSM
σ(6) ± ∑

ij

σ(6)
i Vijσ(6)

j

The deviation is computed taking into 
account correlations between WCs

Future Colliders scenarios taken from EPPSU inputs
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Heavy New Physics: Results

4 fermions WCs impact 
the luminosity in a non-

negligible way

⃗C 4f = {Cll, Cle, Cee}
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A"#

Z peak runs — FCC-ee 250 GeV run — ILC 

∑
i∈4f

Ci

Λ2
NP [

(σF − σB)(6)
i

(σF − σB)SM
−

(σF + σB)(6)
i

(σF + σB)SM ]
α

=
ΔA0

FB,α

A0
FB,α

,

We use the FB asymmetry as a function of sα

To fit the three WCs we can use three points

s1 = 89 GeV
s2 = 93 GeV
s3 = 98 GeV

ΔC4f < 10−2 δSMEFT < 10−5

In 6 months of run on every point

χ2 =
n

∑
α=1

(A0
pol − A th

pol( ⃗C 4f ))
2

α

(ΔA0
pol)2

α

A−
↑↓(Pe±, cos θ) =

dσ(Pe+, Pe−) − dσ(Pe+, − Pe−)
dσ(Pe+, Pe−) + dσ(Pe+, − Pe−)

For polarised beams  is not sensitive to all WCs. 
We propose another polarisation asymmetry

ALR

Up-down asymmetry

We calculate the 68% CLs using

δSMEFT < 10−7

Alternatie Scenarios
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BabaYaga@NLO 
and  the pion form 

factor
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≃
α
π2 ∫

ds
s

K(s)β2
π |Fπ(s) |2 f(s)

The pion form factor

aHLO
μ =

α
π2 ∫

∞

4m2
π

ds
s

K(s)( α(s)
3

σ(e+e− → hadrons)
σ(e+e− → μ+μ−) )

The Pion FF is a key quantity to determine the (g − 2)μ

In scan experiments, the PionFF is given by the ratio

|Fπ |2 = ( Nπ+π−

Ne+e−
− Δbg) ⋅

σ0
e+e− ⋅ (1 + δe+e−) ⋅ εe+e−

σ0
π+π− ⋅ (1 + δπ+π−) ⋅ επ+π−

Radiative corrections are estimated via MCδπ+π−

ϵπ+π− Also the acceptance has a MC dependence via the 
charge asymmetry

ANLO
FB = ALO

FB +
α
π

Aα
FB = 0 +

α
π ( σodd

B − σodd
F

σNLO )
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≃
α
π2 ∫

ds
s

K(s)β2
π |Fπ(s) |2 f(s)

The pion form factor

aHLO
μ =

α
π2 ∫

∞

4m2
π

ds
s

K(s)( α(s)
3

σ(e+e− → hadrons)
σ(e+e− → μ+μ−) )

The Pion FF is a key quantity to determine the (g − 2)μ

In scan experiments, the PionFF is given by the ratio

|Fπ |2 = ( Nπ+π−

Ne+e−
− Δbg) ⋅

σ0
e+e− ⋅ (1 + δe+e−) ⋅ εe+e−

σ0
π+π− ⋅ (1 + δπ+π−) ⋅ επ+π−

Radiative corrections are estimated via MCδπ+π−

ϵπ+π− Also the acceptance has a MC dependence via the 
charge asymmetry

ANLO
FB = ALO

FB +
α
π

Aα
FB = 0 +

α
π ( σodd

B − σodd
F

σNLO )

The FF has to be modelled due its non-perturbative nature

Factorised sQED — The FF is attached to virtual 
amplitude as to cancel infrared divergences

Fπ(q2) = 1 +
q2

π ∫
∞

4m2
π

ds′￼

s′￼

ImFπ(s′￼)
s′￼− q2 − iε′￼

FsQED — Relies on the analytic properties of the 
FF, written via a dispersion relation

GVMD — A model based on the mixing of the 
photon with light resonances

FBW
π (q2) =

nr

∑
v=1

FBW
π,v (q2) =

1
ct

nr

∑
v=1

cv
Λ2

v

Λ2
v − q2
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Numerical results 

50

60

70

80

d� d�
av

g
[n

b/
ra

d
]

p
s = 0.4 GeV

LO

NLO

NLOPS

1.2 1.4 1.6 1.8 2.0
�avg [rad]

�0.1

0.0

K

KNLO KFSR+IFI 10·KHO

p
s = 0.4 GeV

Factorised

GVMD

FsQED

1.2 1.4 1.6 1.8 2.0
�avg [rad]

K̃GVMD K̃FsQED

600

800

1000

d� d�
av

g
[n

b/
ra

d
]

p
s = 0.77 GeV

LO

NLO

NLOPS

1.2 1.4 1.6 1.8 2.0
�avg [rad]

�0.1

0.0
K

KNLO KFSR+IFI 10·KHO

p
s = 0.77 GeV

Factorised

GVMD

FsQED

1.2 1.4 1.6 1.8 2.0
�avg [rad]

K̃GVMD K̃FsQED

14

16

18

20

22

d� d�
av

g
[n

b/
ra

d
]

p
s = 1.1 GeV

LO

NLO

NLOPS

1.2 1.4 1.6 1.8 2.0
�avg [rad]

0.0

0.1

K

KNLO KFSR+IFI 10·KHO

p
s = 1.1 GeV

Factorised

GVMD

FsQED

1.2 1.4 1.6 1.8 2.0
�avg [rad]

K̃GVMD K̃FsQED

Figure 6. The di!erential cross section ω(e+e→ → ε
+
ε
→(ϑ)) w.r.t. the average angle ϖavg with

di!erent approximations for radiative corrections and with di!erent form factor approaches, for
three values of

↑
s. Details on the panels are given in the text.
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Figure 5. In the top plots, the total cross section for the process e
+
e
→

→ ω
+
ω
→ as a function of

the centre-of-mass energy
↑
s at the LO (purple), NLO (cyan) and NLOPS (light green) is shown.

In the bottom plots, the K-factors at di!erent orders are shown. The left panel refers to the CMD-2
form factor, while the right panel to the CMD-3 form factor.

rections, the following K-factors are introduced:

KNLO =
εNLO ↓ εLO

εLO
, (4.7a)

KFSR+IFI =
εNLO ↓ εISR

εLO
, (4.7b)

KHO =
εNLOPS ↓ εNLO

εLO
, (4.7c)

where εNLO is the complete NLO cross section, εISR is the NLO cross section including only
the ISR contribution, and εNLOPS is the NLO cross section matched to the Parton Shower.
For observables that are even under the transformation cosϑavg → ↓ cosϑavg, as it is the
case of the cross section integrated over a symmetric angular range, the IFI contribution
vanishes and therefore KFSR+IFI measures the size of the FSR corrections. As discussed in
Sec. 2.2, the NLO calculation includes only photonic corrections, without photon vacuum
polarisation contributions.

In the lower panels of Fig. 5, the quantitative e!ect of the NLO corrections w.r.t. the
LO predictions is displayed (cyan lines). The e!ect of resonance shape distortion driven by
the ISR contribution can be quantified at the level of ↓8% below the ϖ peak and positive
above, reaching a maximum of the order of +8% at

↑
s ↔ 0.9 GeV and decreasing at

larger values of
↑
s. The FSR correction, green line, is small, as expected, at the 0.1%

level, increasing with decreasing
↑
s, up to about 1% at

↑
s ↔ 0.4 GeV. Towards the ω

+
ω
→

threshold the FSR correction goes as ϱω/(2ςω), as expected in the non-relativistic limit

– 31 –

We studied the impact of Radiative corrections and of the 
form factor approach in a typical scenario

Radiative corrections FF approach
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Charge asymmetry

0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1
p

s [GeV]

�0.0025

0.0000

0.0025

0.0050

0.0075

0.0100

0.0125

0.0150A
F
B

Factorised NLO

Factorised NLOPS

GVMD NLO

GVMD NLOPS

FsQED NLO

FsQED NLOPS

CMD3 data

Figure 9. Charge asymmetry, as defined in Eq. (2.6), using the pion form factor measured at the
CMD-3 experiment. We show in similar colours the result for each of the approaches discussed
before at NLO and NLOPS accuracy. The black crosses show the CMD3 experimental data with
their uncertainties.

eventually reaching about AFB = 0. In this region, we can appreciate the relevance of the
insertion of the pion form factor in the virtual corrections in modelling the data, even with
large error bars. On the other hand, the predictions based on the factorised approach have
a di!erent shape with respect to the data. The e!ect of the ω → ε interference is visible
for the three approaches at

↑
s ↓ mω together with the ω → ϑ interference at

↑
s ↓ mε.

Remarkably, we find a very good agreement between the GVMD and FsQED approaches8,
except for small di!erences due to the approximation of the pion form factor as a sum of
BW functions in the former case.

While the NLO corrections, in particular the IFI contribution, are responsible for the
non-trivial shape of AFB, the higher-order radiative corrections beyond NLO tend to give
a small perturbation on top of the NLO calculation. The higher-order contributions are
in general negative and in agreement with the slopes of the KHO factors in Fig. 6. They
weigh at most about 0.1% for all the form factor approaches, except for the factorised
one. In this case, the corrections are of the order of 0.2% for centre-of-mass energies that
are close to the ω peak, whereas they are positive for mϑ <

↑
s < mε. For the GVMD

8In Fig. 23 of [32], the GVMD and FsQED approaches exhibit a discrepancy in the ω peak region. We ver-
ified that this is mainly due to the non-inclusion of the term → ImFω(s)/s

[
lims→→s↑ Im ε̄IFI

V (ϑ2, s↑)(s→ s↑)
]

in the real part of the virtual IFI correction in the FsQED approach.

– 37 –

Being a pure NLO effect, this observable 
is a test of the modelling of the FF

AFB =
σB − σF

σB + σF

We proved that, up to parameterisation 
differences, the two approaches are 
equivalent



francesco.ucci@pv.infn.it Matter to the deepest 2025, Katowice

Radiative return

Flavour factories can measure the Pion FF also by radiative return, i.e. 
when the CMS energy is reduced by the emission of an ISR photon

e+e− → π+π−γ
e+e− → l+l−γ

Signal

NormalisationThere are just two MC: Phokhara and AfkQED.
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Radiative return

Flavour factories can measure the Pion FF also by radiative return, i.e. 
when the CMS energy is reduced by the emission of an ISR photon

e+e− → π+π−γ
e+e− → l+l−γ

Signal

NormalisationThere are just two MC: Phokhara and AfkQED.

KLOE-like Small Angle KLOE-like Large Angle

Validation 

Validation 

e+e− → π+π−γ e+e− → π+π−γ

e+e− → π+π−γ

e+e− → π+π−γ
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What’s next?

Radiative Processes

  at NLOPS accuracye+e− → XXγ
In progress:
NLOPS accuracy in all channels

Improving technical performance
Pions with factorised approximation

Next-future:
Include GVMD and FsQED approaches 
in the radiative  channelπ+π−γ
Estimate the uncertainty due to Fπ(q2)

Goals:
Provide an independent tool to estimate 
theoretical uncertainties
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Next-future:
Include GVMD and FsQED approaches 
in the radiative  channelπ+π−γ
Estimate the uncertainty due to Fπ(q2)

Hadronic channels
  at NLOPS accuracye+e− → KLKS, K0K̄0

Future plans:
Achieve NLOPS accuracy also for 
other relevant hadronic channels

Goals:
Provide an independent tool to estimate 
theoretical uncertainties
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Include GVMD and FsQED approaches 
in the radiative  channelπ+π−γ
Estimate the uncertainty due to Fπ(q2)

Luminosity

  NNLO pair correctionse+e− → γγ
In progress:
Compute exact NNLO QED virtual and real 
pair corrections via dispersive methods

Goals:
Add also hadronic pairs

For now, at low energies

Next-future:

Calculate NLO SMEFT corrections for 
FCC-ee luminometry

NNLO matching with ISR 

Include Z exchange for pair corrections

  for luminositye+e− → X
Future plans:

Goals:
Provide an independent tool to estimate 
theoretical uncertainties

Hadronic channels
  at NLOPS accuracye+e− → KLKS, K0K̄0

Future plans:
Achieve NLOPS accuracy also for 
other relevant hadronic channels
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Luminosity

  NNLO pair correctionse+e− → γγ
In progress:
Compute exact NNLO QED virtual and real 
pair corrections via dispersive methods

Goals:
Add also hadronic pairs

For now, at low energies

Next-future:

Calculate NLO SMEFT corrections for 
FCC-ee luminometry

NNLO matching with ISR 

Include Z exchange for pair corrections

  for luminositye+e− → X
Future plans:

+ much more for the next years!

Goals:
Provide an independent tool to estimate 
theoretical uncertainties

Hadronic channels
  at NLOPS accuracye+e− → KLKS, K0K̄0

Future plans:
Achieve NLOPS accuracy also for 
other relevant hadronic channels


