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In the following, focus on G77, Grs and Gy7; (the latter stands for “Gy7 and Ga7” ).
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with respect to Z — mi / mlz) . This way one obtains a system of differential equations

disz(ZaG) — Z Ry (z,€) Mi(z,¢€), (*)

where Rkl are rational functions of their arguments.

4. Calculating boundary conditions for (x) using automatized asymptotic expansions at 77 > my .

5. Calculating three-loop single-scale master integrals for the boundary conditions.

6. Solving the system (%) numerically [e.g., A.C. Hindmarsch, http://www.netlib.org/odepack]
along an ellipse in the complex Z plane.
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Renormalization scale dependence of BE};“ for E, > 1.6 GeV

4 ‘ ‘ 4
SM 4

st x1s

3.8 3.8
LO...
3.6 NNLO 3.6
3.4/ CNLO ~ ~ """ 3.4; .
/ - _
/ NLO ~— - - _

3.2 3.2 -]

| matching scale [Lg | low-energy scale [Lp

50 100 150 200 250 300 350 2 4 6 8 10

Y gsm 4 Y gsM 4

B x 10 ) B x 10
3.8 NLQ _---—""~ 3.8/ iro
3.6
3.4/ NLO ~~=--___
3.2

charm-mass renormalization scale [L. /’ MUy = e
2 4 6 8 10 2 4 6 8 10

“Central” values: pog = 160 GeV, pup, = p. =

My kin(1 GeV) ~ 2.29 GeV.



Updated SM prediction:
B = (3.54£0.14) x 107*



Updated SM prediction:
B = (3.54£0.14) x 107*

No interpolation in m..



Updated SM prediction:
B = (3.54£0.14) x 107*

No interpolation in m..

Non-perturbative uncertainty treatment as in arXiv:2002.01548.



Updated SM prediction:

BSM — (3.54 + 0.14) x 10~ [i4 0% ~ i\/(3 0%)2 . + (2.7%)2

No interpolation in m.. Non-perturbative uncertainty treatment as in arXiv:2002.01548.

param ] *



Updated SM prediction:
BN = (3.5440.14) X 1074 [£4.0% ~ +,/(3.0%)%0. + (2.7%)? E

param

No interpolation in m.. Non-perturbative uncertainty treatment as in arXiv:2002.01548.

The perturbative NLO corrections are now formally complete thanks to including formerly missing
4-body and 5-body contributions from arXiv:2510.nnnnn [K. M. Brune, T. Huber, L-T. Moos].



Updated SM prediction:
BN = (3.5440.14) X 1074 [£4.0% ~ +,/(3.0%)%0. + (2.7%)? E

param

No interpolation in m.. Non-perturbative uncertainty treatment as in arXiv:2002.01548.

The perturbative NLO corrections are now formally complete thanks to including formerly missing
4-body and 5-body contributions from arXiv:2510.nnnnn [K. M. Brune, T. Huber, L-T. Moos].

Time evolution of selected SM predictions for B,, and experimental averages:

4.00-
] B theory

M experiment

3.751

3.50

BR

3.25-

3.001

2.75-
2000 2005 2010 2015 2020 2025

year



Updated SM prediction:
BN = (3.5440.14) X 1074 [£4.0% ~ +,/(3.0%)%0. + (2.7%)? E

param

No interpolation in m.. Non-perturbative uncertainty treatment as in arXiv:2002.01548.

The perturbative NLO corrections are now formally complete thanks to including formerly missing
4-body and 5-body contributions from arXiv:2510.nnnnn [K. M. Brune, T. Huber, L-T. Moos].

Time evolution of selected SM predictions for B,, and experimental averages:

4.00-
] B theory

M experiment

3.751

3.50

BR

3.25-

3.001

2.75-
2000 2005 2010 2015 2020 2025

year

Improvements in Gy7



Updated SM prediction:
BN = (3.5440.14) X 1074 [£4.0% ~ +,/(3.0%)%0. + (2.7%)? E

param

No interpolation in m.. Non-perturbative uncertainty treatment as in arXiv:2002.01548.

The perturbative NLO corrections are now formally complete thanks to including formerly missing
4-body and 5-body contributions from arXiv:2510.nnnnn [K. M. Brune, T. Huber, L-T. Moos].

Time evolution of selected SM predictions for B,, and experimental averages:

4.00-
] B theory

M experiment

3.751

3.50

BR

3.25-

3.001

2.75-
2000 2005 2010 2015 2020 2025

year
2000: NLO only,

Improvements in Gy7



Updated SM prediction:
BN = (3.5440.14) X 1074 [£4.0% ~ +,/(3.0%)%0. + (2.7%)? E

param

No interpolation in m.. Non-perturbative uncertainty treatment as in arXiv:2002.01548.

The perturbative NLO corrections are now formally complete thanks to including formerly missing
4-body and 5-body contributions from arXiv:2510.nnnnn [K. M. Brune, T. Huber, L-T. Moos].

Time evolution of selected SM predictions for B,, and experimental averages:

4.00-
] B theory

M experiment

3.751

3.50

BR

3.25-

3.001

2.75-
2000 2005 2010 2015 2020 2025

year

2000: NLO only,

) 2006: extrapolation of NNLO from the m, > m; limit,
Improvements in Gy7



Updated SM prediction:
BN = (3.5440.14) X 1074 [£4.0% ~ +,/(3.0%)%0. + (2.7%)? E

param

No interpolation in m.. Non-perturbative uncertainty treatment as in arXiv:2002.01548.

The perturbative NLO corrections are now formally complete thanks to including formerly missing
4-body and 5-body contributions from arXiv:2510.nnnnn [K. M. Brune, T. Huber, L-T. Moos].

Time evolution of selected SM predictions for B,, and experimental averages:

4.00-
] B theory

M experiment

3.751

3.50

BR

3.25-

3.001

2.75-
2000 2005 2010 2015 2020 2025

year

2000: NLO only,
2006: extrapolation of NNLO from the m, > m; limit,

Improvements in G 2015: interpolation of NNLO between the m. = 0 and m,. > m; limits,



Updated SM prediction:
BN = (3.5440.14) X 1074 [£4.0% ~ +,/(3.0%)%0. + (2.7%)? E

param

No interpolation in m.. Non-perturbative uncertainty treatment as in arXiv:2002.01548.

The perturbative NLO corrections are now formally complete thanks to including formerly missing
4-body and 5-body contributions from arXiv:2510.nnnnn [K. M. Brune, T. Huber, L-T. Moos].

Time evolution of selected SM predictions for B,, and experimental averages:

4.00-
3.751

3.50

BR

3.25-

3.001

2.75-

B theory
M experiment

2000:
2006:
2015:
2025:

Improvements in Gy7

2000

2005 2010 2015 2020 2025
year

NLO only,
extrapolation of NNLO from the m. > my limit,

interpolation of NNLO between the m,. = 0 and m, > m, limits,
complete NNLO.



Bs, in the Two-Higgs-Doublet Model II



Bs, in the Two-Higgs-Doublet Model II

£Yukawa — _QZK?UJH2 - qul;idel — l_iYZ?ejHl + h.C.,



Bs, in the Two-Higgs-Doublet Model II

Lyukawa = — ;Y ju; Hy — (tii?del — l_in?ejHl + h.c.,

(Hz2) =

vsin 3

V2



Bs, in the Two-Higgs-Doublet Model II

Lyukawa = — ;Y ju; Hy — Cti;'?del — l_iYZ?ejﬂl + h.c., (Hp) =
Litgq = 3727 [Ha; (my, Vi Pr cot 8 4 Viyma, Pr tan 8) d; + h.c.].

vsin 3

V2



Bs, in the Two-Higgs-Doublet Model II

Lyukawa = — @Y u;Hy — Y 1djHy — ;Y Se;H, + h.c.,

(Hz) = “5°

Lytgy = -2 [HVa; (m,,Vij P cot B8 + Vijmg,Prtan 3) d; + h.c.].

Mw+2

6C7(pno) = F1<

2
'”;t
MH:I:

) + 5 () o



Bs, in the Two-Higgs-Doublet Model II

Lyukawa = — @Y u;Hy — Y 1djHy — ;Y Se;H, + h.c.,

(Hz2) =

Lytgy = -2 [HVa; (m,,Vij P cot B8 + Vijmg,Prtan 3) d; + h.c.].

Mw+2

6Cr (o) = Fi (5
B., 1

) + 5 (3o

Bey 1

vsin 3

V2



Bs, in the Two-Higgs-Doublet Model II

a ) v sin 0
Lxitawa = —iYjjui H> — Gi¥5d; Hy — LiY5e; Hy + h.c., (Hp) = =228 ( 1 )
LH+3q = MW\/E [H+'Ulz (mu Vi; P cot B + Viymgy, Pg tan ,6) + h.C.] .
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Bs, in the Two-Higgs-Doublet Model II

_ T v sin 0
Lvyukawa = qu uJH2 qz}/gdng - li}/Z'?ejHl + h.C., <H2> — 716 ( )’

LHtg, = MW\/§ |[H*a,; (m,,, VP cot B + Vijma, Pr tan B) d; + h.c.].

0C: (o) = B (Mm—?i) + F, (Mm—?i) cot? 3
By 1 By, 1

2HDM Il wi th tanp=50
, ~ — — sM
4. 25, ........... experi ment
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Mpy= > 675GeV @ 95%C.L.



Resolved photon contribution to the Q7-Q; 2 interference.

M.B. Voloshin, hep-ph/9612483; A. Khodjamirian, R. Riickl, G. Stoll and D. Wyler, hep-ph/9702318;

Z. Ligeti, L. Randall and M.B. Wise, hep-ph/9702322; G. Buchalla, G. Isidori, G. Rey, hep-ph/9705253;

M. Benzke, S.J. Lee, M. Neubert, G. Paz, arXiv:1003.5012; A. Gunawardana, G. Paz, arXiv:1908.02812;
M. Benzke, T. Hurth, arXiv:2006.00624; R. Bartocci, P. Boer, T. Hurth, arXiv:2411.16634.
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The soft function hq7:
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G+P numerically:
A7 € [—24,5] MeV for m, = 1.17 GeV.

In our code: Ky = 1.2 +0.3 .
Warning: scheme for m_!



Moment constraints vs. models of hy~7

M. Benzke, S.J. Lee, M. Neubert, G. Paz, arXiv:1003.5012 — only the leading moment included.
A. Gunawardana, G. Paz, arXiv:1908.02812 — estimates of the subleading moments from LLSA included.

M. Benzke, T. Hurth, arXiv:2006.00624 — as above but with more generous modeling
and partial 1/m} corrections.

R. Bartocci, P. Béer, T. Hurth, arXiv:2411.16634 — RG evolution of h;7(w;, ).
Plots from arXiv:2006.00624:
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Another recent contribution: T. Hurth and R. Szafron, arXiv:2301.01739 — clarifying the SCET treatment

of resolved photons in the Qs-Qs interference.
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® Perturbative outlook:
Include E, > E, in G¥ and G.
Calculate other than 2-body contributions in Gﬁ), G'g), G§22), ngs) and ngs).
Calculate GS) without neglecting Q3-Qg.
N3LO ?

® Non-perturbative outlook:

Complete the O (#) and O(a;) resolved-photon corrections in the Qi 2-Q7 interference.
b

Use arXiv:2301.01739 to update the QQg-Qs interference.
Use arXiv:2211.07663 [B. Dehnadi, I. Novikov, F. J. Tackmann] and the SIMBA analysis in arXiv:2007.04320
to improve HFLAV /PDG averaging and extrapolation to Ey = 1.6 GeV.
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However, the B — X,y photon spectrum is dominated by hard photons E,~my/2.

Once A(E,) is considered as a function of arbitrary complex E. , ImE, "
ImA turns out to be proportional to the discontinuity of A /! .
at the physical cut. Consequently, ],'/ B Re E, [GeV]
By ! ,f‘
/ dE, Im A(E.) ~ ¢ dE, A(E.). L = gmp
1 GeV circle .
Since the condition |mp(mp — 2E,)| > A? is fulfilled along the circle,

the OPE coefficients can be calculated perturbatively, which gives

(7)
F . 1(2E, /my) _ , _
A(E ~ Y S Beynomial + O (s (fhar B(% = 0)|QY B(p = 0)).
( 7)|circ1e - [ bg(l 2E~y/ b)kj ( ( h d)) < (p )l local 0perat0r| ( )>

Thus, contributions from higher-dimensional operators are suppressed by powers of A /my,.
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scattering amplitude B(p = 0)~(q) — B(p = 0)~(q): Im{B

Goal: calculate the inclusive sum  Xx,

Bt=ImA

When the photons are soft enough, m% =|mpg(mp—2E,)|>A*? = Short-distance dominance = OPE.
However, the B — X,y photon spectrum is dominated by hard photons E,~my/2.

Once A(E,) is considered as a function of arbitrary complex E. , ImE, "
ImA turns out to be proportional to the discontinuity of A /! .
at the physical cut. Consequently, ],'/ B Re E, [GeV]
By ! ,f‘
/ dE, Im A(E.) ~ ¢ dE, A(E.). . o=gmp
1 GeV circle N S/
Since the condition |mp(mp — 2E,)| > A? is fulfilled along the circle,

the OPE coefficients can be calculated perturbatively, which gives

FY
~ olynom1a1(2E7/mb) D/ = @) D=
A(E7)|c1rc1e Z [ n; 1 _ 2E7/mb)k o (as(lllhard)) (B(p - 0)|Qlocal 0perat0r|B(p - 0)>

Thus, contrlbutlons from higher-dimensional operators are suppressed by powers of A /my,.

At (A/mp)%  (B(@)|bvb|B®)) = 2p* = T(B — X,v) = (b — XPatony) 4 O(A/my).
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Once A(E,) is considered as a function of arbitrary complex E. , ImE, "
ImA turns out to be proportional to the discontinuity of A /! .
at the physical cut. Consequently, ],'/ B Re E, [GeV]
By ! ,f‘
/ dE, Im A(E.) ~ ¢ dE, A(E.). . o=gmp
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Since the condition |mp(mp — 2E,)| > A? is fulfilled along the circle,

the OPE coefficients can be calculated perturbatively, which gives

FY
~ olynom1a1(2E7/mb) D/ = @) D=
A(E7)|c1rc1e Z [ n; 1 _ 2E7/mb)k o (as(lllhard)) (B(p - 0)|Qlocal 0perat0r|B(p - 0)>

Thus, contrlbutlons from higher-dimensional operators are suppressed by powers of A /my,.

At (A/my)°: (B(P)|by*b|B(p)) = 2p* = TI(B — Xyv)=T(b— XPrtony) + O(A/my).
At (A/my)t: Nothing! All the possible operators vanish by the equations of motion.
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The “77” term in this sum is “hard”. It is related via the ~
optical theorem to the imaginary part of the elastic forward _\A
scattering amplitude B(p = 0)~(q) — B(p = 0)~(q): Im{B

Goal: calculate the inclusive sum  Xx,

Bt=ImA

When the photons are soft enough, m%c =|mp(mp—2E,)|>A? = Short-distance dominance = OPE.
However, the B — X,y photon spectrum is dominated by hard photons E,~my/2.

Once A(E,) is considered as a function of arbitrary complex E. , ImE, "
ImA turns out to be proportional to the discontinuity of A /! .
at the physical cut. Consequently, ],'/ B Re E, [GeV]
By ! ,f‘
/ dE, Im A(E.) ~ ¢ dE, A(E.). . o=gmp
1 GeV circle N S/
Since the condition |mp(mp — 2E,)| > A? is fulfilled along the circle,

the OPE coefficients can be calculated perturbatively, which gives

FY
~ olynom1a1(2E7/mb) D/ = @) D=
A(E7)|c1rc1e Z [ n; 1 _ 2E7/mb)k o (as(ﬂlhard)) (B(p - 0)|Qlocal 0perat0r|B(p - 0)>

Thus, contrlbutlons from higher-dimensional operators are suppressed by powers of A /my,.

At (A/my)": (B(P)|bv'b|B(p)) = 2p* = T(B — Xyy) =T(b— XP¥y) + O(A/my).
At (A/my)t: Nothing! All the possible operators vanish by the equations of motion.
At (A/my)%  (B(B)6,D'DubB@E)  ~ mp i,

(B(P)|bvgsG 0" by| B(P)) ~ mp nE,

The HQET heavy-quark field: b,(z) = 3(1 + ¥)b(x) exp(imy v - ©) with v = p/mg.



Energetic photon production in charmless decays of the B-meson
(Ey 2 ™ ~ 1.6 GeV)

A. Without long-distance charm loops: s

#

1. Hard 4. Annihilation

(qq # cc)

3. Collinear

2. Conversion

S S S
Dominant, well-controlled. (@ (asA / mb), Perturbatively < 1%, Exp. ©% n, n’, w subtracted,
<> izospin asymmetry. <+ fragmentation functions. perturbatively ~ 0.1%.

B. With long-distance charm loops:

:

5. cc & soft 6. Boosted light cc
gluons state annihilation

only (e.g. Ne, J/, V')

7. Annihilation of ¢ in a heavy (¢s)(gc) state

S
HQET & SCET. Exp. J /1 subtracted (< 1%).
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Examples of SM diagrams for the matching of C7(uo) (o ~ My, my)

LO:

[Inami, Lim, 1981]

NLO:
[Adel, Yao, 1993]

NNLO:
[Steinhauser, MM, 2004]

NNLO method:

* Taylor expansion in the off-shell external momenta is applied prior to loop integration.

* The UV and spurious IR divergences are regulated dimensionally.

* = In the effective theory, only tree-level diagrams survive (tree vertices and UV counterterms).
The UV renormalization constants are known from former anomalous-dimension calculations.

* All the 1/€ poles cancel in the matching equation, i.e. in the difference between the effective theory
and the full SM Green functions.

* At the 3-loop level, the difference m; — My, is taken into account with the help of expansions
in y™ and (1 — y?)" up to n = 8, where y = My /m;.
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Hp

) in the b — s+ amplitude.

RGE for the Wilson coefficients: “’i J(“’) — C’z(p,)"yw(p,)

dp
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Resummation of large logarithms (as In “’—3) in the b — s+ amplitude.

RGE for the Wilson coefficients:

d
ha

Hy

(1) = Ci(p)vi; (1)

Evolution from pg ~ My, my
down to pp ~ my,.
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Resummation of large logarithms (as In %) in the b — s+ amplitude.
b

Evolution from pog ~ My, my
down to pp ~ my,.

d
RGE for the Wilson coefficients: u@ J(“’) — C,L(p,)"yw(p,)

The anomalous dimension matrix 7Y;; is found from the effective theory renormalization constants, e.g.:
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2\ M
“—3) in the b — s+ amplitude.

Resummation of large logarithms (as In .
b

d .
RGE for the Wilson coefficients: Md_CJ ( “’) — C@( H’) Vi ( H’) ]jzgsrllltggnut;rorvmmpzo ~ My, my

The anomalous dimension matrix 7Y;; is found from the effective theory renormalization constants, e.g.:

K@z{;f

[Gaillard, Lee, 1974] [Grinstein et al., 1990] [Shifman et al., 1978]
[Altarelli, Maiani, 1974] [Grigjanis et al., 1988]
[Altarelli et al., 1981] [Chetyrkin, MM, Miinz, 1997] [MM, Miinz, 1995] Since 2006, all
[Buras, Weisz, 1990] . .
’ the Wilson coefficients

Cl(.ub)a e ooy Cs(ub)
NNLO are known at the NNLO.

[Gorbahn, Haisch, 2004] [Czakon, Haisch, MM, 2006] [Gorbahn, Haisch, MM, 2005]
~ 2 X 10* diagrams,
—4% effect on B!



