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Predictions for the LHC: Factorization
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Factorization of physics at different scales is crucial in making predictions,
goes back to [Collins, Soper, Sterman. Nucl. Phys. B250 (1985) 199]
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Predictions for the LHC: Fixed-order
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Predictions for the LHC: Singular limits
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Singular limits of QCD give rise to large logarithms. Resummation of these
logarithms is based on factorization of amplitudes in these limits. Expansion in
Qo/Q is necessary to resum large In(Qo/Q).
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Predictions for the LHC: Leading power
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Predictions for the LHC: Power corrections
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Motivations and focus

|
%

[T. Becher, A. Broggio, A. Ferroglia, 1410.1892]

DY threshold 7 = (1 — 2) Event shapes, thrust 7 =1—-T
do d _
a7 = fara® fon @OV x S T =P x IO @ 1P @ S

In™ 7

T
[T. Becher, M. Neubert, A. Xu, 0710.0680] [T. Becher, M. Schwartz, 0803.0342]

LP logarithms, ol |: ] ,m < 2n — 1 are well studied: LL, NLL, NNLL, N3LL
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Motivations and focus
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T

[T. Becher, M. Neubert, A. Xu, 0710.0680] [T. Becher, M. Schwartz, 0803.0342]
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Why are power corrections important?

» Advancing all-order understanding of QFT structure

» Extending applicability of factorization

» Describing power-suppressed processes

» Improving matching and fixed order subtractions

» Getting a handle on theoretical errors

» With the high logarithmic resummation performed at
leading power, its natural to ask about leading logarithms

at subleading power.
— some phenomenological studies already exist
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Phenomenological motivations

Numerical studies of inclusive Higgs and Drell-Yan production studied in
[M. van Beekveld, E. Laenen, J. Sinninghe Damsté, L. Vernazza, 2101.07270].

1.25

Studies of Leadling
Power NNLL/
matched to NNLO for
DY and Higgs
concluded that NLP
LL has a comparable

---- NNLO ) 3
impact to LP N°LL.

—— LP NNLL’ + NNLO
- NLP LL + LP NNLL" + NNLO
LP N3LL + NNLO
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Towards NLP

Tremendous progress in understanding of the NLP terms has been made in the
last few years. See also talk by R. Balsach.

SCET
Bauer, Fleming, Pirjol, Stewart
Beneke, Chapovsky, Diehl, Feldmann

SCET @NLP
Moult, Stewart, Vita, Zhu

Beneke, Broggio, Garny, SJ, Szafron,
Vernazza, Wang
Del Duca

Soft photon

Larkoski, Neill, Stewart Beneke, Garny, Szafron, Wang

Burnett, Kroll Beneke, Bobeth, Szafron
Liu, Neubert

Moult, Vita, Yan

Low

Beneke, Broggio, SJ,
Vernazza

Moult, Stewart, Vita, Zhu

Liu, Mecaj, Neubert,
Wang, Fleming

Liu, Mecaj, Neubert, Wang

2021 Beneke, Garny, SJ, Szafron, Vernazza,

Bodwin, Ee, Lee, Wang Wang
Broggio, SJ, Vernazza

Diagrammatic approach: Bahjat-Abbas, Bonocore, Sinninghe Damsté, Laenen, Magnea,
Melville, Vernazza, White; Anastasiou, Penin; Ajjath, Mukherjee, Ravindran, Sankar, Tiwari
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SCET

Soft collinear effective theory is contained within QCD. It is an EFT which describes

energetic particles.

SCET

QA

Collinear
n3

QN

Collinear
n

Collinear
ny

P Process specific description, with collinear sectors formed by energetic particles.
P Interactions between sectors are mediated by the soft degrees of freedom.

P Every interaction is well defined in terms of power counting - this allows for

systematic expansion.
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Subleading power effects

There are three sources of power suppressed corrections in SCET
» 1) Subleading power hard-scattering operators

» More than one field present in each collinear direction
» Soft fields present

P(x) = i) + -+ N () +q(2)

N collinear fermion fields

We keep the collinear, anti-collinear, and soft
degrees of freedom. The hard modes are
integrated out:

B N ng; N
v = [ TTTT dtoy €t 1) TT JiCtiy ot
i i=1

i=1k=1 i =

(from 1. Moult)
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Subleading power effects

There are three sources of power suppressed corrections in SCET
» 1) Subleading power hard-scattering operators
» More than one field present in each collinear direction
> Soft fields present

2) Subleading soft-collinear interactions

N
Lscer = Z Lo+ Loost

=1

where each of the Lagrangians belonging to a collinear direction is expanded in powers of

the small parameter A = /1 — z:
Lo, =040 + 2 4 Eg. £ = xcia'l [in_0B]) %XC
N N~
LP o()\l) O(/\Z)
S ~
(
\/\,
@) // N
L
et r e
s e
e
I ,/
VX
A
= Power Corrections on the Lightcone 13
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Subleading power effects

There are three sources of power suppressed corrections in SCET
» 1) Subleading power hard-scattering operators

» More than one field present in each collinear direction
» Soft fields present

> 2) Subleading soft-collinear interactions

» 3) Kinematic corrections
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The Foundations

The subleading power Lagrangians have been known for a long time [M. Beneke,
A. Chapovsky, M. Diehl, T. Feldmann, hep-ph/0206152] [M. Beneke, T. Feldmann,
hep-ph/0211358] and [D. Pirjol, I. Stewart, hep-ph/0211251]

Subleading operator basis for dijets [D. Kolodrubetz, I. Moult, 1. Stewart, 1601.02607]
[I. Feige, D. Kolodrubetz, I. Moult, I. Stewart, G. Vita, 1703.03411] [I. Moult, I. Stewart,
G. Vita, 1703.03408]

and for N-jets [M. Beneke, M. Garny, R. Szafron, J. Wang, 1712.04416, 1712.07462,

1808.04742, 1907.05463]
Building blocks (up to O(\2)):

Xi(tini+) = WZ-T & .Ail (tini+) = WZ-T [ZDil Wz]

Generic leading power N-jet operator:
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Factorization of the Drell-Yan process
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Factorisation formula at NLP
Defining A = &/z, we arrive at a final result:
[M. Beneke, A. Broggio, SJ, L. Vernazza, 1912.01585]

Az =-2Q [(%) Yip (%) *VZLV /d(n+p) C A% (nyp,zpn_pp)

4
x C*AO (xa N4PA, xbn_pB) Z / {do.)j} J; (77,_~_p7 TaN4PA; {w]'}) Si(ﬂ; {UJJ‘}) + h.c.
=1

I

For comparison, LP result is:
Avrp(z) =C(Q%)]* Q Sov(Q(1 — 2))

) . [G. Sterman 1987] [S. Catani, L. Trentadue 1989] . .
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Factorisation formula at NLP
Defining A = &/z, we arrive at a final result:
[M. Beneke, A. Broggio, SJ, L. Vernazza, 1912.01585]

AL () =2 Q [(¢ )’YJ_;J (%) ‘YZLV /d(”H’) C A% (nyp,zpn_pp)

X C*4 (20 nypa, Tyn_pp Z / (dwy} Ti (nspranspas {w;}) S:(: {w;}) + hec.

where the generalised soft functlons have the structure:

5, (2 {w;}) :/{& } eI~ x NLTHO\T (iv-]@) T (I vi]©si(4z,-1) 10)

27 c
with
i
si({zj—}) € {inde;l (z1-), ﬁ {B*‘ PL(z1-), [infﬁBiL (217)]] s
1 1
B (0B, (220, mw(zuqﬂ(m»}
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Results at NNLO

The S; soft function is the only one with C'Z contributions. Combine our results for
two-loop soft with tree-level collinear according to factorisation theorem

AR P20 () =4QQH©(Q?) / drJ(®) (za(nypa);w) SO (9, r)

NLPfsoft,Sl’c% 1,012_7

2 2

dyn (2)2r0v _ (e’ 2 g 128 256 o 1127
ANLpfsoft,chQF () = (4m)2 Cr (53 -~ In(1—2)+ — In?(1—2z) — o

+% (—=32In*(1 — 2) + 1472 In(1 — 2) — 62¢(3)) + O (e))

The S1 1rlv gives leading logarithms proportional to CrC'4, which are cancelled
exactly by the leading poles of 2rOv contribution to S

A s, oo, B = (4"7‘%2 CpCa <€§3 - %(24 In(1 — z) — 11)
—g (—361n%(1 — z) + 331n(L — 2) + 672 — 16)
—? In3(1—2)+ 332 In?(1—2) + 33873 In(1—2)
1024 616¢(3) 154m2 1484
—Tln(l—z)— ?f( ) _ 9 +T7+(’)(e))

The full NNLO cross-section can be compared with [R. Hamberg, W. van Neerven,
T. Matsuura, 1991] and we find agreement.
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Results at N3LO
Interestingly, we can partially validate our results at N°LO by comparing to
[N. Bahjat-Abbas, J. Sinninghe Damsté, L. Vernazza, C. White, 1807.09246]

d
A = 4@ [ du e nepas ) Sy @)

Using one-loop collinear function from [M.Beneke, A.Broggio, SJ, L.Vernazza, 1912.01585]

2 Q—w)?\ 1 1 e27ET[1—¢]
g(@2rov o —_g ¥ 2 w ( — -2 U o0 - w)e
1,c% (83, w) (4m)2 F pt w €2 Tl -3¢ ( w)8(w)

We find a closed d-dimensional result, expanding

3
dyn (3) _ Ots 3 _ % 80(4 11’1(1 — Z) — 1) E _ 2 _
ANLpcon, g, (¥ = Zg;;gCE~( S+ 5 (w2
1 /4000
+%ma—zy+H?—6)+7C§fm%1—a—1mom%1—@
€
—5607” In(1 — 2) + 480 In(1 — 2) + 2624¢(3) + 1407” — 128)

5000
In*(1—2)+ = In®(1 — 2) 4 140072 In?(1 — z)

5000
3
—12001n%(1 — z) — 7007> In(1 — z) 4 6401In(1 — z)

627t
+qa@%0—uﬂmmu—z»+4él+1%n?—w%
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DY: LL at NLP

After derivation of factorization formulas, and solving the relevant RG equations
the final results for leading NLP logarithms are remarkably simple.
Drell-Yan at threshold:
asCp Hs
Afip(2) = —exp[4A(un, p) — 4A(1s, )] X S— In n 0(1 - z)

[M. Beneke, A.Broggio, M. Garny, SJ, R. Szafron, L. Vernazza, J.Wang, 1809.10631]

AXLpl(z,u) = —9(1—2){4@—[111(1—2)_ ]

2
) [1n3(1 —2) = 3L, In?(1 — 2) + 2L% In(1 — z)}
7) [ln (1 —2)—=5L, In*(1 — z)+8L2 In®(1 — 2) —4L3 In?(1 — z)]

16 a
+ 5 cl ) [m (1—2) = 7L, n%(1 — 2) + 18L% In®(1 — 2)
3 4
—20L% In* (1 — 2) + 8L, In®(1 — z)]
where we define L,_L = ln(;,L/Q). Comparison to [R. Hamberg, W. van Neerven, T. Matsuura
1991] and [D. de Florian, J. Mazzitelli, S. Moch, A. Vogt, 1408.6277]

Also confirmed using diagrammatic techniques [N. Bahjat-Abbas, D. Bonocore, J. Sinninghe
Damsté, E. Laenen, L. Magnea, L. Vernazza, C. White, 1905.13710]
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Beyond leading logarithms: Problems at the Endpoint

Q
dw (nypw)™ — 1
o o , whte (Q —w)e
collinear piece —

soft piece

For resummation, we treat the two objects independently, and expand in e prior
to performing the final convolution. However, there is a problem! At two loops:

I (@anspaiw) ~ aslog(w)
and
51 (Q,w) ~ asdw) + O(a?)

Hence, first expanding in € and performing convolution after yields

AR an(2) = (46:})2 <C% (— % - g {5 ~8In(1 - 2) - 4/dw6(w) In (%)} )

40
+CsCFp —+ O(e°)>

A couple of issues arise. The convolution dw integral is now divergent at the
endpoint. This prohibits the application of standard RG methods.
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Thrust power corrections: off-diagonal channel

efe” =" = [gle + [9dle
Q(Pg)
74(Q)
q(pp)
a(pa)
) = [ D xeltn o xeln) + (e 45 0
+ Z /dtdt_ldi?g éiBl(t,t_l,t_Q) )_(6({177/7)FéwAcLu(thr)Xé(Ean) + ...
i=1,2

_ pro_ " pr _ e By
Leg(x) = Gs(@-)Acs (x)xe(2) + hoc. ry fnu Ty¥ = ==

qs (pn>

Tel(pn)
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Integrand level observations

1 dO’ /
JioidMRdML —/dwdw

+ / drdr' CPN(r)CP (') @ T2 (r,r') x TP x 89

CAOF X JE@ X Je (w,w') ® SNLP (w7w')

~ W — e ~ r | —— R —
M%/Q wlte 0 rlte (1 — r)1+e

We see that Sxi.p — S99 and ja(q) — J29. The integrands of the two terms
should become identical.
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Factorization theorem rearrangement
We add the following scaleless integral

0= % £ 1CA@)PTD (sr) T (s1)
></OOo dwdaw' D (wQ) DBl*(/le) [[~ ]]

SNLP (SR, SL,w,w')
w w

where DB are universal objects describing the splitting of a collinear quark into a
collinear gluon and a soft-collinear quark. The same object appears in the endpoint
factorization theorem for H — gg [Z. Liu, M. Neubert, M. Schnubel, X. Wang, 2112.00018]

We split it by introducing a parameter A: 0= I; + I2.
Then subtract I; from the B-type term and Iz from the A-type term.

wl

Q

I
A

TQ

7Q A

w
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Resummed result for NLP-LL gluon thrust

Putting everything together [M. Beneke, M. Garny, SJ, J. Strohm, R. Szafron,
L. Vernazza, J. Wang, 2205.04479]

1 do 20 o (pte
7 | = 2~Q—S;%’j) exp A0S (i, 1) + A4S (j1a, 1))

5 Qﬁ —2CF A(pnpe) 1 —2C A A(ps,pie)
u? SLSRE2VE U2
h s

Q dw w
></ % exp [4 (Cr — Ca) S (isa, ptra)] (

SRE Eﬂ A
Y 2CpA(p ) +2C A A(pe, e
X (SRe EQ) FA(LRAHE) AA(Ke,HRA)

(o)s) dstSL

[¥]

)2(CFCA>A(I—LsAvl—LhA)

And in the double logarithmic limit, the result of previous works is recovered

1 do Cr 1 _2sCa 2, { 7ﬂ(CF70A)ln2‘r}
— = e — E 1—e =
Cr—Casln(1/7)

[I. Moult, I. Stewart, G. Vita, H. X. Zhu, 1910.14038] [M. Beneke, M. Garny, SJ, R. Szafron,
L. Vernazza, J. Wang, 2008.04943]
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Numerics

Sebastian Jaskiewicz
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1/o¢ do/dr
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NLO
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NLPx 10
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1/oo do/dr

NLO 1
LP
LP+NLP 4

0.06 0.08 0.10 0.12 0.14

T
Power Corrections on the Lightcone



Summary

» SCET is designed to systematically include power corrections.

» There has been significant progress in understanding subleading power
factorization theorems in the last years.

» The structure of the factorisation formula is more involved than the
leading power counter part. New functions appear!

» We have verified the factorisation theorem at fixed orders by explicitly
computing all the objects.

» We have uncovered issues preventing application of standard RG
methods.

» Succeeded in refactorizing and resumming to LL accuracy the
off-diagonal “gluon” thrust.

» Interesting conceptual challenges ahead. Important to understand from
the point of view of gauge theories, as well as for delivering precise
theoretical predictions.
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Thank you!
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Auxiliary slides
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And now for something completely different

» Large high-energy logarithms are important to understand at the LHC:
High Energy Jets (HEJ) framework

» Transverse momentum hirarchies, collinear splittings, MPI, and

hadronization described by parton showers: Pythia.

» This talk: Merging High-Energy resummation of HEJ with Pythia
parton shower — HEJ+Pythia: showered events from HEJ input. In

collaboration with Jeppe Andersen, Hitham Hassan, and Leif Lonnblad

CMS Experiment at the LHC, CERN
Data recorded: 2015-Sep-28 06:09:43.129280 GMT
Run / Event / LS: 257645 / 1610868539 / 1073
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High Energy Jets (HEJ) framework

High Energy Jets resums large logarithms in s/t according to the BFKL equation.
[J. Andersen, J. Smillie, 0908.2786] [J. Andersen, J. Smillie, 0910.5113] [J. Andersen, J. Smillie,
1101.5394] [J. Andersen, J. Black, H. Brooks, B. Ducloué, M. Heil, A. Maier, J. Smillie,
2110.15692] [J. Andersen, B. Ducloué¢, H. Hassan, C. Elrick, A. Maier, G. Nail, J. Paltrinieri,

A. Papaefstathiou, J. Smillie, 2303.15778].

High Energy limit for 2 — n scattering
Pa —»—O—»— P

83> 8; >k &= (pi +pj)?

WO0000™ P2
: LY K. . LYn-1 KL Yn Pil k|
°
00000 Pn-1
Db 4 N\ » HEJ is built to describe effects from hard,
. J " wide angle emissions. Large In(s/t) logs.
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Beyond the High-Energy limit

1.0

P HEJ describes high-energy logarithms well

» Transverse momentum hierarchies are not captured — Parton Showers

0.9

0.8

Gap Fraction

0.7

0.6

0.5

0.4F

0.3F

1.0

0.8

Theory/Data

0.6

ATLAS

@ Data2010
WA POWHEG+PYTHIA 8
........ POWHEG+HERWIG
HEJ (partonic)
HEJ+ARIADNE

Q=20 GeV

VS=7TeV [Cdt=38 pb'

[ATLAS collaboration, 1407.5756]
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Parton Showers

Soft and collinear splittings described by
parton showers.

Our method uses Pythia.

[T. Sjéstrand, S. Mrenna, P. Skands, hep-ph/
0603175][T. Sjostrand, S. Ask, J. Christiansen,
R. Corke, N. Desai, P. Ilten, S. Mrenna, S.
Prestel, C. Rasmussen, P. Skands, 1410.3012]

v

Parton shower Y

Agp(tn,tm) = exp {— /t: %(a;(:) /dzPab(z))]

N B P

>t
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HEJ+Pythia: Merging procedure
We express HEJ in the parton shower language and feed in HEJ events.

The HEJ+Pythia method constructs histories for resummable HEJ events. — this
is to ensure that the full phase space of HEJ is explored by the shower.

A history is a sequence of states H = {So, ..., S;}, which charts the evolution in a
parton shower from the most clustered state So to the input event S;.

Then, we let parton shower add subtracted shower emissions in between the states
of the history, and with a subtracted splitting kernel
until hadronisation

m—2 Aq
HEJ+Pythi H A H S S
dUm,ny * =dos I I Py Aifl,i I I PiAAz‘A,l,iA
i=1 A=1

AS(ti_1,t;) = exp  — /tH dt/dz O(PP(t,2) ~ PY(t,2)) [PP(t,2) — PY(1,2)]

i

Subtracted splitting probability: PS (t,z)
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HEJ+PYTHIA: Merging

H
v i
HEJ Input I I
t
Cluster back I
t t
Trial 1 - keep: | |
Input for next trial | [
tf Hof
| |
Trial 2 - veto | | |
tf oo
Trial 3 - keep: | 1 |
Input for next trial I I I
S
. i I 5
Trial 4: £y < b | | I
Move to next state | |
V'
H
U
) | | | |
Input for trial 5 I | I I
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HEJ+PYTHIA: Merging

H
v i
HEJ Input I I I
t
Cluster back I
t t
Trial 1 - keep: | |
Input for next trial [ [
tf Hof
| |
Trial 2 - veto | |
tf oo
Trial 3 - keep: | | |
Input for next trial I I I
H P P P
) P H ty 1 t3 t
Trial 4: £y < 1) ] ] ]
Move to next state | | I
H
U
) | | | |
Input for trial 5 I | I I
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Results: Jet Shapes

64 pp—> 2j, LHC at \/5 = 7 TeV ;
10 anti-k, jo 0.6, |y;] < 2.8 L " ¥ JT' }
160 < py; < 210 GeV
i " : n i ]
== + T T T
1 110 < pyj < 160 GeV
10° 4 l L L L L L
!
" v i 11- 1
i
i 110 < puj < 160 GeV (xm“"“) ' r
10% 4 ey i * 80 < pyj <110 GeV
= krrsesay . . . . .
S .
| 1 80 < pu; < 110 GeV (x103%1:0) N 4 i ....Jr_...
] + + 0
10 Rty 1 i
AR 60 < p1j <80 GeV
I S— '
i " " " " "
1 60<pi; < 80 GeV (x102%1.0)
10" 4 1 | l
Deine e | & 1 4
e '8 * T T _l
40 < pyj < 60 GeV (x101%10) 40 < puj <60 GeV
1004 " " " "
------- I | |
30 < py; <40 GeV (x10°%1-0) A T T T F I:
LTSS ;
30 < puj <40 GeV
10714 T T T T T
0.0 0.1 0.2 0.3 04 05 0.6 0.0 0.1 0.2 0.3 04 05 0.6
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Introduction

tanding and striving for precise predictior

Standard Model of Elementary Particles

(fermions) (bosons)
| I n
. mass (<22 evier ~128.Govicr “micee | fo ) -n2ss7Geve
Standard Model @I IDIO ]| G
l up Lcharm l top gluon higgs
J \ J
) (=a7mevie 18 Gevie q )
X |- -4 o
E @
z [ ® (I
2 l down l bottom photon
o J \ J

:n Slméz? :1 TI68 Gevict | 2 <

. . " o T
However, we know it is not | stectron 24
. %) < 0y
the complete picture yet Z = ey ws
= |« &
o =)
4| ree 38
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Motivations and focus: High perturbative precision
A(pa) + B(ps) = 77 (Q%)[= €(1)E(l2) ] + X (px)

Recently calculated to N3LO P
[C. Duhr, F.Dulat,
B. Mistlberger, 2001.07717]
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Motivations and focus: Beyond fixed-order
A(pa) + B(ps) = 77 (Q%)[= €(1)E(l2) ] + X (px)

Recently calculated to N3LO P
[C. Duhr, F.Dulat,
B. Mistlberger, 2001.07717]

Threshold limit:
Q2

S

z = — 1

Define power counting
parameter \:

A=vV1-—z
Schematic form for production cross-sections near threshold, z — 1:

oo 2n—1 m _ .
6(z) = Za: cnd(1l — 2) +Z ( Crm [%]Jr + Ay In™ (1 — 2) >+]
m=0

n=0
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Motivations and focus: The Drell-Yan process
A(pa) + B(ps) = 77 (Q%)[= €(1)E(l2) ] + X (px)

Recently calculated to N3LO P
[C. Duhr, F.Dulat,
B. Mistlberger, 2001.07717]

Threshold limit:
Q2

S

z = — 1

Define power counting
parameter \:

A=V1-2
The general idea is to factorise the physics appearing at different scales:

oc~HRI®..0J®S

and solve RG equations for each object to sum the large logarithms — SCET
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Motivations and focus: The Drell-Yan process
A(pa) + B(ps) = 77 (Q%)[= €(1)E(l2) ] + X (px)

Recently calculated to N3LO P
[C. Duhr, F.Dulat,
B. Mistlberger, 2001.07717]

Threshold limit:
Q2

S

z = — 1

Define power counting
parameter \:

A=vV1-—z
Schematic form for production cross-sections near threshold, z — 1:

oo 2n—1 m
&(Z): Za: Cn5(1_2)+z ( Cnm [w]+ + dnmlnm(lfz) >+:|

n=0 m=0 1-2
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Motivations and focus: The Drell-Yan process
A(pa) + B(ps) = 77 (Q%)[= €(1)E(l2) ] + X (px)

Recently calculated to N3LO P
[C. Duhr, F.Dulat,
B. Mistlberger, 2001.07717]

Threshold limit:
Q2

S

z = — 1

Define power counting
parameter \:

A=vV1-—z
Schematic form for production cross-sections near threshold, z — 1:

oo 2n—1 m _ .
6(z) = Za: cnd(1l — 2) +Z ( Crm [%]Jr + oy In™ (1 — 2) >+]
m=0

n=0
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SCET introduction: N-jet operator basis

Generic N-jet operator has the form:
[M. Beneke, M. Garny, R. Szafron, J. Wang, 1712.04416, 1712.07462, 1808.04742, 1907.05463]

N ng N
J=/H I dtsy, C{ta, 1) TT JiCigstin,s o tin,)
i=1k=1 i=1
where the Js are constructed by multiplying collinear gauge invariant building blocks in
the same direction (up to o))
Xi(tiniy) = W: &i A (tingg) = W; [iDY, Wi]

by acting on these with derivatives iaii ~ A, and insertions of subleading SCET
Lagrangian in a time-ordered product with lower power current.

Generic leading power N-jet operator:
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SCET introduction: N-jet operator basis

Generic N-jet operator has the form:
[M. Beneke, M. Garny, R. Szafron, J. Wang, 1712.04416, 1712.07462, 1808.04742, 1907.05463]

N ng N
J=/H [ dti, Gt 1) TT Jiltiy tigs s tin,)

i=1k=1 i=1

We adopt the notation: J,iA'" , Ji]?"’7 Jem, JiT" where:

> A, B, (... refers to number of fields in a given collinear direction

P> n is the power of A suppression (relative to A0) in a given sector.

For example, up to O()\2) we can construct JlAl7 Jfl, ,/,(”J, J,iT2 respectively:

WM Xy xi(tig )AY (big)y X (Liy )AY | (b)) AN (tig), z'/d“zT[xi(til)N)(z)}

And O(A?) N-jet operators are

A0 Bl ;A1 A0
TR0 P RS,
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SCET introduction: Decoupling

In a collinear sector

—E(O)-l- L(l) + 5(2)
v v v
LP o) o(K?)

L

Ci

The decoupling transformation, §, — Y+§£O) and AY — Y+AEO)HYJ1, separates the
soft and collinear sectors at LP [C. Bauer, D. Pirjol, I. Stewart, hep/0109045]

£ 3 & (in-De+gon_As) m =&Y m_D£°>”t7+a£°>

where

0
Y1 (z) = Pexp [igs / dsnzAs (z + snx)

— 00

—_————
n
LP ~ T4
n_k
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Factorization of the Drell-Yan process
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Drell-Yan Process at Threshold:
Leading Power
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The Drell-Yan Process

A(pa) + B(ps) = v (Q*)[— €(11)(12) ] + X (px)

Q2
z=— =1 A=+(1-2)

S
Pe = (n+pC7n—pczch_) ~ Q(l’)‘Zz)\)
pe = (n+p57n—p57pEJ_) ~ Q(Az»ly)‘)
ps = (n4ps,n—ps,ps1) ~ QA% A%, 2?)
Q*N =Q*(1—2) > Adcp pe—pDF ~ (Q,A%/Q, A)

:
o |

L)
%

A pdf
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The Drell-Yan Process: Leading Power Amplitude

Tt = / dt dECA (1, F) JA(1,T)

T, 8) = Xe(fn-) yoip Xe(tny)
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The Drell-Yan Process: Leading Power Amplitude
Bt = / dt dECA (1, F) JA(1,T)

Use decoupled fields Xﬁo) = Yl(O)Xc.
Leading power current becomes

T2, 1) = X\ () YT (0)y L, Ve (00X (tn4)
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The Drell-Yan Process: Leading Power Amplitude
b= [ dedeC 1) 0 (1)

Use decoupled fields XEO) = Yl (0)xe.
Leading power current becomes

T, 8) = x (fn— ) YT (0)7L, Y4 (00X (tny)

Consider the matrix element:

Kl A BEp) = [ dntpe) dn=Pb) 40y, 1, )

2m 2m
) (XEPEIREPT (n—py) | Bps))7 (Xe PF IR PF (n4pa)|A(pa))
x(X,IT [Y1(0)v2(0)] 10)
The states factorize: (X| = (XFPF|(XPPF|(X,|. The threshold collinear mode
does not appear. Only the PDF collinear mode with scaling

Pe—pDF ~ (Q, Ajop/Q, Aqep)
Power Corrections on the Lightcone
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The Drell-Yan Proccess: Leading Power Cross-Section

The leading power factorisation formula has the following form:

aQ?

2

~ LP A0 2y12

67 (2) = QICTHQY)I™ Spv()
[G. Sterman 1987] [S. Catani, L. Trentadue 1989] [G. P. Korchemsky G. Marchesini, 1993]
[S. Moch, A. Vogt, hep-ph/0508265] [T. Becher, M. Neubert, G. Xu, 0710.0680]

Sebastian Jaskiewicz
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The Drell-Yan Proccess: Leading Power Cross-Section

The leading power factorisation formula has the following form:

dopy ! . . .
o~ 3 /0 dzadzy foya(a) fo) B () ( Gapy + Oabidyn + Tabiin +-- ) +0 (A/Q)
a,b

20 . o _
Spx() = [ G 0 T OB (V] Y- (00) TV (007 (0)))

Note, inserting complete set of states, and performing / dzxo

5(Q — 2Ex)
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Drell-Yan Process at Threshold:
Next-to-Leading Power
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Factorisation formula at NLP

First let us compare leading power and nezt-to-leading power cross-sections

schematically:

do ! . . .

dé);{ ~ ZA dxqdzy fa/A(xa)fb/B(xb) ( g-aIZ)P + Jg?dzn + Jzi\Z]yPkF;n +.. )+O (A/Q)
a,b

‘We have discussed the LP piece

6" (2) = QIC™(Q*) Spv(Q)

Sebastian Jaskiewicz Power Corrections on the Lightcone
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Factorisation formula at NLP

First let us compare leading power and nezt-to-leading power cross-sections
schematically:

dopy ! . . .
DY Z/o dradry fuya(ea)foy @) (67 + o0, + o350, +..)+0(A/Q)
a,b

‘We have discussed the LP piece

~ LP A0/ 2y (2

67 (2) =QICT(Q7)]" Spbv(©)
and as will be shown the NLP is given by

NP =) [CeJeJIPeSs

terms

» (C is the hard Wilson matching coefficient
P S is the generalised soft function

P Js are the collinear functions

Let us now motivate the emergence of this structure at next-to-leading power.
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Collinear functions at NLP

Beyond LP, the decoupling transformation does not remove soft-collinear
interactions in the Lagrangian.
Consider an example of subleading SCET Lagrangian:

[M. Beneke and Th. Feldmann, hep-ph/0211358]

1
,Cé? = §X§O)zizi [iapin,E)B;r(z,)] %Xﬁo) where BY =Y] [iD!Yy]

The subleading power Lagrangian terms enter the basis through time-ordered
product operators

(V532c)" =i / =T [T £ (2)]

¢ — threshold

Sebastian Jaskiewicz Power Corrections on the Lightcone
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Collinear functions at NLP

PDF collinear modes can be radiated into the final state:

Pec ~ Q(la >‘27 >\) and p._pDF ~ (QaA2/Q7A)

/d4zT[Xc (tny) LA (2)| = 2#2/du/dz (t,u; 2 ) xEPF (uny ) si(2-)

i0
571(27)6{ J‘d Bf (2-), n”fl# (27)7;)[ (), BE (20)],- }

9 vl (in_0
[M. Beneke, A. Broggio, M. Garny, SJ, R. Szafron, L. Vernazza, J. Wang, 1809.10631]
[M. Beneke, A. Broggio, SJ, L. Vernazza, 1912.01585]

w1 ... Wy
\ ' /
/ soft

¢ — PDF i % n+P1
N+Pn ¢@/§

¢ — threshold

I J
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Collinear functions at NLP

PDF collinear modes can be radiated into the final state:

Pc ™~ Q(1a>\27>‘) and Pc—PDF ™~ (QaA2/Q7A)
/d4zT[Xc (tny) L (2)| = 2#2/du/dz (t,u; 2— ) xEPF (ung ) si(2-)

e
site) € { LB, (o)) LB o) s (B, (B, ()

[M. Beneke, A. Broggio, M. Garny, SJ, R. Szafron, L. Vernazza, J. Wang, 1809.10631]

[M. Beneke, A. Broggio, SJ, L. Vernazza, 1912.01585]

In the diagrammatic approach, soft emissions from jets are captured by the
radiative jet function [V. Del Duca, 1990], [D. Bonocore, E. Laenen, L. Magnea, S. Melville,
L. Vernazza, C.D. White, 1503.05156], [D. Bonocore, E. Laenen, L. Magnea, L. Vernazza,

C.D. White, 1610.06842]
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Absence of collinear functions at LP

The purely threshold-collinear loops are scaleless and vanish.
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Absence of collinear functions at LP

The purely threshold-collinear loops are scaleless and vanish.

At leading power, we can apply the decoupling transformation X£0> = Yl (0)xe
which removed the soft-collinear interactions from the Lagrangian.
[C. Bauer, D. Pirjol, and I. Stewart, hep-ph/0109045]

The threshold-collinear modes can be identified with ¢-PDF modes, x. — XCPDF

xeltns) = [(dud(eu) xEP wny) Tt =8t - w)
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Generalised soft functions

The necessary presence of the time-ordered products at NLP gives rise to the
concept of generalized soft functions with explicit gauge fields. Schematically we
have

5(Q, {UJ}) /d$ 1109/2 H/ n+ZJ e iwj(nyz;)/2

x Tr (0|T [Yj(:po)y_ (:100)] T [Y_(O)Y+(O) x L8 (21_) x .. x cgm(zn,)] |0
11(")( j— ) contains BL/(ZJ-_) fields, not only Wilson lines.
[M. Beneke , F. Campanario, T. Mannel, B.D. Pecjak, hep/0411395]

n
Zl—
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Factorisation formula at NLP
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The off-diagonal DY process

Now we consider initial state gluon from a proton A, which must be converted into
a collinear quark via an emission of a soft antiquark.

Sebastian Jaskiewicz Power Corrections on the Lightcone 62



In the EFT picture

This is inherently a subleading power channel.

Pre(0) = D /{dtk}{dﬂ;}éml’m (Lt} 1) Js(0) I 02 ({te}, {8:3)

my,m2

%, !

o

ol
ol
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In the EFT picture

This is inherently a subleading power channel.

Pyuth = / dtdEGAO(t, ) (i ) i e (i)

A0 g
JA0(2,1)

Use an insertion of a subleading power Lagrangian term with a soft quark, starting
at O(N)

I =
(V3R e)" =i / d2T [xe (tn) £ (2)] £8) = g4 Acixe +hee.
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In the EFT picture

This is inherently a subleading power channel.

Pyuth = / dtdEGAO(t, ) (i ) i e (i)

A0 ¥
JA0(2,1)

Use an insertion of a subleading power Lagrangian term with a soft quark, starting
at O(N)

I . _
(V3R e)" =i / a2 T [xe (n) L) (2)] £8) = g4 Acixe +hee.

Sebastian Jaskiewicz Power Corrections on the Lightcone
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NLP factorization formula for Drell-Yan: ¢g

The partonic cross-section is
1 6(2)
(1—¢) =

where [SJ, PhD thesis][A. Broggio, SJ, L. Vernazza, 2306.06037]

Az) =

dyn
qu,NLP(z) = Agg,NLp(z)

Ajgg\ILP(Z) =8H(Q?) /dwdw/ qu(a:an+pA;w') Geg(zanspa;w) S(Q,w,w’)

Sebastian Jaskiewicz Power Corrections on the Lightcone
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Factorisation formula at NLP
Defining A = &/z, we arrive at a final result:
[M. Beneke, A. Broggio, SJ, L. Vernazza, 1912.01585]

Az =-2Q [(%) Yip (%) *VZLV /d(n+p) C A% (nyp,zpn_pp)

4
x C*AO (xa N4PA, xbn_pB) Z / {do.)j} J; (77,_~_p7 TaN4PA; {w]'}) Si(Q; {U.Jj}) + h.c.
=1

I

For comparison, LP result is:

Arp(z) = |CQH? Q Spv(Q(1 — 2))
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Factorisation formula at NLP
Defining A = &/z, we arrive at a final result:
[M. Beneke, A. Broggio, SJ, L. Vernazza, 1912.01585]

AL () =2 Q [(¢ )’YJ_;J (%) ‘YZLV /d(”H’) C A% (nyp,zpn_pp)

X C*4 (20 nypa, Tyn_pp Z / (dwy} Ti (nspranspas {w;}) S:(: {w;}) + hec.

where the generalised soft functlons have the structure:

5, (2 {w;}) :/{& } eI~ x NLTHO\T (iv-]@) T (I vi]©si(4z,-1) 10)

27 c
with
i
si({zj—}) € {inde;l (z1-), ﬁ {B*‘ PL(z1-), [infﬁBiL (217)]] s
1 1
B (0B, (220, mw(zuqﬂ(m»}
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Validation

The full NNLO cross-section can be compared with [R. Hamberg, W. van Neerven,
T. Matsuura, 1991]

Al () = 8H(Q?) / dw do’ Gy (a1 pa; ') Geg(zanspa;w) S w, o)

<
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Soft function at NLO

The only generalised soft function with non-vanishing contributions at O(as) is

Sl(Q w / / n+z 6210(2/2 iw(nyz)/2

xNicTr<o|T [yj(mO)Y,(ZO)]T [YT(O)Y+(0) %zﬁ (=) | 10)

ny

M
(n_k)

(" (R)|T (Y,T (0)Y+(0) i;8}63+ ni:| e (k) e*="
—d(n_k —w)
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Soft function at NLO

The only generalised soft function with non-vanishing contributions at O(as) is

dz® [ d(nyz) ;0 )
S1(Q,w) :/E/%ezz Q/2—iw(ngz)/2

X THOT [0y (@) T [YWomw) OB, (=) | 10

Ny

asCp p€e7e 1 1
2r Tl —¢ wlte (2 —w)e

S (Q,w) = O(w)O(Q — w) .
After /dw the NLO cross section Aﬁff},(” is correctly reproduced.
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Collinear functions at one-loop

k Use NLP Feynman rules to calculate these
p new objects up to O(as). [M. Beneke,
p o p2 M. Garny, R. Szafron, J. Wang, 1808.04742]
Some non-standard features present!
p2 Prtpr xr =0t [em 2@ (3 pin = Y pout)]
2y . . A ppv / ¢+
O(X%): igs TEAPY (k, p,p") = (kogvu — kugou)
Apu(k, /):1 ( X) P V—l—(k‘X )Xp V+XP le_ Vo4 u}éJ_
pp) = 5 | (n=X)nino L) n- I\ oy T
+P n4p

Sebastian Jaskiewicz
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Collinear functions at one-loop

1 o
Jy (N4 g, nip; w) = —was(n#l —n4p) +2 m(s(n“i'q —n4p)

as 1 (n+pw> ¢ eVET[L + €T[1 — ¢?
e \ 2 ) (CIroi+orz-2q

4
X (C’F (—E + 3+ 8+ 52) —Ca(—5+8e+ 62)) d(nyq — ngp)

[M. Beneke, A. Broggio, SJ, L. Vernazza, 1912.01585]
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Validation at Fixed Order: ANLP( )Coll piece

Focus on one piece of the factorization formula

AFRE () = 4Q / dw T (@ nipasw) SO (Qw).

The factorization formula is valid for unrenormalized objects. Performing the
convolution in d - dimensions reproduces fixed NNLO result:

(12

20
AR = ﬁ (cAcF <? —60log(l —2) + 8+ 0(61)>

-1 2 4
+C§< 26——0+—10g(1—z)+6010g(1—z)—7210g (1 —2) + O(e* ))
€

after we set the scale to hard. In agreement with equation (4.22) of [D. Bonocore,
E. Laenen, L. Magnea, S. Melville, L. Vernazza, C. White, 1503.05156]

We have also computed and checked the remaining contributions

2
» Hard: 1-loop hard and NLO soft functions, ANyLT;( )hard
[M. Beneke, A. Broggio, SJ, L. Vernazza, 1912.01585]

» Soft: NNLO soft functions, ANI”ﬂD(Z)SOft — focus on next.

[A. Broggio, SJ, L. Vernazza, 2107.07353]

Sebastian Jaskiewicz Power Corrections on the Lightcone
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NLP factorization formula for Drell-Yan

The partonic cross-section is

1 o(z " .
AG) = © Ave() = ARE) + AN E)
(1—¢) =
where [M. Beneke, A.Broggio, SJ, L. Vernazza, 1912.01585]
2 he i
50 - -2 [(5) )
NLp (%) (176)Q[( 1 )'YJ.p( 1 YL o

X /d(”H?) CAYAY (0 p ayn_pp) C*A%0 (2anqpa, zpn_pp)

4
xS [ Ao} Jis (nipzanipas (o)) Si@ifn)) +he
=1

We now focus on O(a?) calculation of:

o el R e o)

4 2
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Generalised Soft Functions

We make use of the soft building blocks

By =YI[iDLYs], ¢* =Yg

The relevant soft functions are

Si(a%z) = Ni Tr(O|T [V] (@) v (%)) T ([Yi(om(m]

Sq(a%z_) = NiTr (0|T [yj(xo)y,(xo)]

X T ([Yj(o)n(o)]

1

AB 0

S4;;Lu,bf(z $21—,22-) = FTr
c

7(in_18)2 [B+ BL(z_

OIT [vf@")y- )]

LB, (o) > 0)

), [in-08F (2-)]] ) 0)

ba

% T ([Yﬁ (0)Y+(0)Lf Bt (z1-) B P (22-) > 10)

0
Ssbfgh,on(T ;21— 22-) =
N,

x T <[Yj (0)Y+(0)]

Not functions of Wilson lines only!

Sebastian Jaskiewicz

92

af (in—0z)(in_0,)

L o [viety- @),

Gtog(z1-) Gean(z2—) ) [0)
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Generalised Soft Functions: Matrix Elements

Single emission:

. Av 2 )
o ()T (Y_Wom(m 205!, ) ) 0) = T s [ki - (:ﬁ"—} & (k) =k
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Generalised Soft Functions: Matrix Elements

Single emission:

(ot WIT (Y1 OY4(0) - ‘(” =B (=) ) 10) = TA =2 |k — K 5 (k) etk
* T ik [T e

Double emission:

0"
<gK1<k1)gK2<k2>T{Yﬁ(om(m 5B (- >}o> =

20 Ky K 1 2 . kL, e
R - k7L — ek (k)er, (ko) "1
. k) k) [T Gk | o (e (R0

+...

+92if

K1 Ko KK 1 _ (K71 + k57 ) nT (K71 + k1) nT?
n,(kl =+ k?z) (n k?l) (n,kg)
n77 n'r72

Cn_ (k1 + k2)(n_k1)(n_k2)

[(n—kl) (ka + k11 - k2L>

—(n_ka) <ku sk + k§L> ])e:{l (k1)en, (k2) oz (k1+k2)
+...

—  0(w —n_k1) constraint in the integrand.
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Generalised Soft Functions: Matrix Elements

Single emission:

(ot WIT (Y1 OY4(0) - ‘(” =B (=) ) 10) = TA =2 |k — K 5 (k) etk
* T ik [T e

Double emission:

0"
<gK1<k1)gK2<k2>T{Yﬁ(om(m 5B (- >}o> =

20 Ky K 1 2 . kL, -
R - k7L — ek (k)er, (ko) "1
. k) Tk M1 Gk | O (B () €

+...

+92if

K1 Ko KK 1 _ (K71 + k57 ) nT (K71 + k1) nT?
n,(kl =+ k?z) (n k?l) (n,kg)
n77 n'r72

Cn_ (k1 + k2)(n_k1)(n_k2)

[(n—kl) (ka + k11 - k2L>

—(n_ks) <ku kg, 4 k§L> ])egl(kl)e;z(;%) iz (k1 +k2)
+...

— 0(w—n_ki —n_ka) constraint in the integrand.
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Some sample diagrams

For the S7 soft function:

Sebastian Jaskiewicz

Ol s (- 7>) o)

in_0
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Some sample diagrams

For the S4 soft function:

ny Ty ny Ny

n_ Zo_ n_ n_ Zo— n_
B
N4 N4 ny N4
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Some sample two-loop diagrams: double real
S(Q,w,w’) :Z/ (; )’Zl 5tk )/ o ! k"‘ 2T (k3)0(w — k1 — n_k2)8(w’ — n_k1)

T(555 GerGD) T2 (Y OY-O)})1%.)

gs
in_0,

a15(2-) )10)6(2 — 2k — 2k9)
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The calculation

Methods developed for calculations of two-loop soft functions at leading power.
[Y. Li, S. Mantry, F. Petriello, 1105.5171] [T. Becher, G. Bell, S. Marti, 1201.5572]
[A. Ferroglia, B. Pecjak, L.L. Yang, 1207.4798]

First, we find the relevant topologies for, and perform, the reduction. For example:

P = (k1 + k‘g)2, Py = n+k2, P3 = n_(kl —+ kg),

Pi=k}, Ps=k3, Po=(Q-n_ki—n_ks—nyki —nyks), Pr=(w—n_ki)

R eEp2\2 [ 4% diky
Iz (a1, a2, as,aq, as, ag, ar) = (4 4 /
z(o1, a2, 03, 04, 5, a6, a7) = (4m) ( yp ) @m)a1 (am)d-1 H
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The calculation

Methods developed for calculations of two-loop soft functions at leading power.
[Y. Li, S. Mantry, F. Petriello, 1105.5171] [T. Becher, G. Bell, S. Marti, 1201.5572]
[A. Ferroglia, B. Pecjak, L.L. Yang, 1207.4798]

First, we find the relevant topologies for, and perform, the reduction. For example:

P = (k‘1 + k‘g)2, Py = n+k2, P3 = n_(kl —+ kg),

Pi=k}, Ps=ki, Ps=(Q-n_ki—n_ks—nyki—niks), Pr=(w—n_ki)

2¢ d d v
~ _ 4 e'YE,LL2 d®kq d%ko
Is(on, a2, a3, a4, a5, a6, a7) = (4n) ( yp @m)a-T @mi-1 H

1 1 1
Sk = — -
(k1) 2m'[k%+i0+ k2 —i0+

[C. Anastasiou, K. Melnikov, hep-ph/0207004]
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The calculation

Methods developed for calculations of two-loop soft functions at leading power.
[Y. Li, S. Mantry, F. Petriello, 1105.5171] [T. Becher, G. Bell, S. Marti, 1201.5572]
[A. Ferroglia, B. Pecjak, L.L. Yang, 1207.4798]

First, we find the relevant topologies for, and perform, the reduction. For example:

P = (k‘1 + k‘2)2, Py = n+k‘2, P3 = n_(kl —+ kz),

Pi=k}, Ps=k3, Po=(Q-n_ki—n_ks—nyki —nyks), Pr=(w—n_ki)

eER2\2 4% diks 11[
4w (2m)d-1 (27)d-1

Iz(a1, a2, a3, a4, a5, 06, a7) = (47f)4(

» The reduction is implemented in LiteRed

> 9 topologies are needed to reduce the soft functions

» We have 8 Master Integrals (MIs)
» 5 MIs implementing the §(w — n_k1) constraint: I - f5
» 2 MIs with §(w —n_k1 —n_ko): I¢ and I
> 1 MI with §(w1 —n—k1)d(w2 — n_ka): Ig
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The calculation

Methods developed for calculations of two-loop soft functions at leading power.
[Y. Li, S. Mantry, F. Petriello, 1105.5171] [T. Becher, G. Bell, S. Marti, 1201.5572]
[A. Ferroglia, B. Pecjak, L.L. Yang, 1207.4798]

First, we find the relevant topologies for, and perform, the reduction. For example:

Pi = (ki +k2)?, Py=niks, Py=k , Pi=k}, Ps=(w—n_k)

Ps=(Q—n_ki—n_ks—nyks —nyks), Pr=(w —n_ki—n_ks)

2\ 2€ d d 7
. _ 4B d%kq d%ks
Is(a1, a2, 03, 04, 05, a6, a7) = (47) ( yym ) @niT @2l H

» The reduction is implemented in LiteRed
> 4 + 1 topologies are needed to reduce the soft functions
»> We have 6 + 2 Master Integrals (MIs)
> 4 Mls implementing the S(w—n_k1)d(w —n_ki —n_ks) and w <> '

constraint: fl — Iy R
> 1 MI with §(w —n_Fk1)6(w—w'): I
> 1 MI with §(w —n_k1 —n_ko)d(w—uw'): Is
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Reduced expressions

Double real

S§§>2TOU(Q7 w, w/)

a? 4—)(1—e)(1—2¢) -~  4(2—3e)(1 —3e) - ,

- (47r)2TF [CF(( 62):)2(9 1(w) )16 (GQUJ(Q)S w)? )15)6(“)7“))
1-26)(w+w') - 1-26)(w+w) -
+(CA—ZCF)(Eww,(Q_w)(w_w,) Is =~ @ e o) =
g, (b,

where for example
L(Qw,w') =14(0,0,1,1,1,1,1), [(Qw,w')=14a(1,1,1,1,1,1,1)
and family A propagators are

P = (lﬁ —+ k’2)2, P, = n+l€2, P3; = k‘%, Py = k,‘g,
P5 (Q — n_kl — ’I’L_kz — n+k:1 — TL+I<,‘2), PG = (UJ — n_kzl),
P7 = (w/ — n_k1 — n_kz)

The integrals are calculated using the differential equations method.
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DE method for MIs
Convenient to change to dimensionless variable w — r 2
, 1 /Q\%. , 170\ 4.
1o =gz (5) B, 101 = 5(5) B,
QN 4e 4e
1) = (3) s, ro =o(2) he@n,
w

IL(r) = 92(%)45f5(9,r)

System of DEs can be put into canonical form [J. Henn, 1304.1806]

dI -
) e ar) - T
dr
r 1 3
—— 0 0
’ _ 2(1 — T)2 T 1—r
L) = 3 5o 1
, 1 2 2 0
I3(r) = 6*213(7")7 r s
, 1 A(r) =
Iy(r) = —————14(r), 2 2 4
e2(1—r) Z z
Lir 1 r T 1—r
IL(r)=————I —
5(1) 2e¢2(1 —r)r a(r) + EQT’IS(T) 1 1 1
- T T r
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Virtual real result

This contribution is given by

ai TF
(4m)?

Séi—)lrlv(g,w7w/) _

/_
«Re{{uzFl(l,lJre,lfe,f

UJ(UJI)2
2w+ w')

(2Cr — Ca)

[A. Broggio, SJ, L. Vernazza, 2306.06037]

e*7E T1 + ¢
el[1 — ¢

5) - o (Gra=am) o

o (@ — w) ((«w - w>5(49 —

P 2 ,LL2 2e

Integrating over w,w’

AR (2)|NLp s ey

‘T[1—¢? " o —w/
=) o - fowua-u)

" 2Re[e "™ |e*YET[1 — 2¢|T'[1 — €]*T[1 + ¢]?

e3T'[1 — 4e]
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Results at NNLO

The S; soft function is the only one with C'Z contributions. Combine our results for
two-loop soft with tree-level collinear according to factorisation theorem

AR P20 () =4QQH©(Q?) / drJ(®) (za(nypa);w) SO (9, r)

NLPfsoft,Sl’c% 1,012_7

2 2

dyn (2)2r0v _ (e’ 2 g 128 256 o 1127
ANLpfsoft,chQF () = (4m)2 Cr (53 -~ In(1—2)+ — In?(1—2z) — o

+% (—=32In*(1 — 2) + 1472 In(1 — 2) — 62¢(3)) + O (e))

The S1 1rlv gives leading logarithms proportional to CrC'4, which are cancelled
exactly by the leading poles of 2rOv contribution to S

A s, oo, B = (4"7‘%2 CpCa <€§3 - %(24 In(1 — z) — 11)
—g (—361n%(1 — z) + 331n(L — 2) + 672 — 16)
—? In3(1—2)+ 332 In?(1—2) + 33873 In(1—2)
1024 616¢(3) 154m2 1484
—Tln(l—z)— ?f( ) _ 9 +T7+(’)(e))

The full NNLO cross-section can be compared with [R. Hamberg, W. van Neerven,
T. Matsuura, 1991] and we find agreement.

Sebastian Jaskiewicz Power Corrections on the Lightcone

84



Results at N3LO
Interestingly, we can partially validate our results at N°LO by comparing to
[N. Bahjat-Abbas, J. Sinninghe Damsté, L. Vernazza, C. White, 1807.09246]

d
A = 4@ [ du e nepas ) Sy @)

Using one-loop collinear function from [M.Beneke, A.Broggio, SJ, L.Vernazza, 1912.01585]

2 Q—w)?\ 1 1 e27ET[1—¢]
g(@2rov o —_g ¥ 2 w ( — -2 U o0 - w)e
1,c% (83, w) (4m)2 F pt w €2 Tl -3¢ ( w)8(w)

We find a closed d-dimensional result, expanding

3
dyn (3) _ Ots 3 _ % 80(4 11’1(1 — Z) — 1) E _ 2 _
ANLpcon, g, (¥ = Zg;;gCE~( S+ 5 (w2
1 /4000
+%ma—zy+H?—6)+7C§fm%1—a—1mom%1—@
€
—5607” In(1 — 2) + 480 In(1 — 2) + 2624¢(3) + 1407” — 128)

5000
In*(1—2)+ = In®(1 — 2) 4 140072 In?(1 — z)

5000
3
—12001n%(1 — z) — 7007> In(1 — z) 4 6401In(1 — z)

627t
+qa@%0—uﬂmmu—z»+4él+1%n?—w%
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