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The big picture
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Hard subprocess: described by matrix elements
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Resonance decays: correlated with hard subprocess
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Initial-state radiation: spacelike parton showers
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Final-state radiation: timelike parton showers
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Multiple parton–parton interactions . . .
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. . . with its initial- and final-state radiation

Everything is connected by colour confinement strings

Recall! Not to scale: strings are of hadronic widths

The strings fragment to produce primary hadrons
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QCD vs experiments

QCD quantitative description of data

) [GeV]
min
TJet Transverse Energy (E

0 50 100 150 200

[p
b

]
T

)d
E

T
/d

E
σ

(d
m

in
T

E∫

-210

-110

1

10

210

CDF Run II Preliminary n jets≥) + νe→(W

CDF Data  
-1

dL =  320 pb∫
W kin:  1.1≤| 

eη 20[GeV]; |≥ e
T E

 30[GeV]≥ ν
T]; E

2
 20[GeV/c≥ W

T M

Jets: |<2.0ηJetClu R=0.4; |
hadron level; no UE correction

LO Alpgen + PYTHIA
 normalized to DataσTotal 

jetst1

jetnd2

jetrd3

jetth4

Jet Transverse Energy [GeV]
0 50 100 150 200 250 300 350

[p
b

/G
eV

]
T

/d
E

σd
-510

-410

-310

-210

-110

1

10

CDF Run II Preliminary n jets≥) + νe→(W

CDF Data  
-1

dL =  320 pb∫
W kin:  1.1≤| 

eη 20[GeV]; |≥ e
T E

 30[GeV]≥ ν
T]; E

2
 20[GeV/c≥ W

T M

Jets: |<2.0ηJetClu R=0.4; |
hadron level; no UE correction

LO Alpgen + PYTHIA
 normalized to DataσTotal 

jetst1

jetnd2

jetrd3

jetth4

Costas G. Papadopoulos (Athens) Reduction at NLO and beyond I Krakow 2013 3 / 57



QCD vs experiments

QCD quantitative description of data
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QCD beyond LO

(N)NLO needed in order to properly interpret the data at the LHC
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QCD beyond LO

(N)NLO corrections: impressive impact on theoretical uncertainties and
differential shapes

C. Anastasiou, L. J. Dixon, K. Melnikov and F. Petriello
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Perturbative QCD at NLO

What do we need for an NLO calculation ?

p1, p2 → p3, ..., pm+2

σNLO =

∫

m

dΦm|M(0)
m |2Jm(Φ)

+

∫

m

dΦm2Re(M(0)∗
m M(1)

m (εUV , εIR))Jm(Φ)

+

∫

m+1

dΦm+1|M(0)
m+1|2Jm+1(Φ)

Jm(Φ) jet function: Infrared safeness Jm+1 → Jm
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Perturbative QCD at NLO

What do we need for an NLO calculation ?

p1, p2 → p3, ..., pm+2

σNLO =

∫

m

dΦD=4
m (|M(0)

m |2 + 2Re(M(0)∗
m M(CT )

m (εUV )))Jm(Φ)

+

∫

m

dΦD=4
m 2Re(M(0)∗

m M(1)
m (εUV , εIR))Jm(Φ)

+

∫

m+1

dΦD=4−2εIR
m+1 |M(0)

m+1|2Jm+1(Φ)

IR and UV divergencies, Four-Dimensional-Helicity scheme; scale dependence µR
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Perturbative QCD at NLO

What do we need for an NLO calculation ?

p1, p2 → p3, ..., pm+2

σNLO =

∫

m

dΦmJm(Φ)

+

∫

m

dΦm2Re(M(0)∗
m M(1)

m (εUV , εIR))Jm(Φ)

+

∫

m+1

dΦm+1|M(0)
m+1|2Jm+1(Φ)

QCD factorization−µF Collinear counter-terms when PDF are involved
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Perturbative QCD at NLO

What do we need for an NLO calculation ?

M
(0)
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NLO troubles

Problems arising in NLO calculations

Large Number of Feynman diagrams

Reduction to Scalar Integrals (or sets of known integrals)

Numerical Instabilities (inverse Gram determinants, spurious phase-space
singularities)

Extraction of soft and collinear singularities (we need virtual and real
corrections)
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One-loop amplitudes

Any m-point one-loop amplitude can be written as

∫
dDq A(q̄) =

∫
dDq

N̄(q̄)

D̄0D̄1 · · · D̄m−1

A bar denotes objects living in n = 4 + ε dimensions

D̄i = (q̄ + pi )
2 −m2

i

q̄2 = q2 + q̃2

D̄i = Di + q̃2

External momenta pi are 4-dimensional objects
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The old “master” formula

∫
A =

m−1∑

i0<i1<i2<i3

d(i0i1i2i3)D0(i0i1i2i3)

+
m−1∑

i0<i1<i2

c(i0i1i2)C0(i0i1i2)

+
m−1∑

i0<i1

b(i0i1)B0(i0i1)

+
m−1∑

i0

a(i0)A0(i0)

+ rational terms

D0,C0,B0,A0, scalar one-loop integrals: ’t Hooft and Veltman
QCDLOOP Ellis & Zanderighi ; OneLOop A. van Hameren
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Passarino-Veltman

G. Passarino and M. J. G. Veltman, “One Loop Corrections For E+ E- Annihilation Into Mu+ Mu- In The Weinberg Model,”

Nucl. Phys. B 160 (1979) 151.

For a generic one-loop Feynman graph

A(q̄) =
N(q)

D̄0D̄1 · · · D̄m−1

Decompose the numerator

N(q)→ qµ1 . . . qµm → gµ1µ2pµ3

i . . .

Tensor integrals

TN
μ1...μP

(p1, . . . , pN−1, m0, . . . , mN−1) =
(2πμ)4−D

iπ2

∫
dDq

qμ1 · · · qμP

D0D1 · · ·DN−1
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Passarino-Veltman

Contracting with external momenta and/or metric tensors on both sides
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Passarino-Veltman

TN
μ1...μP

(p1, . . . , pN−1, m0, . . . , mN−1) =
N−1∑

i1,...,iP=0

TN
i1...iP

pi1μ1 · · · piPμP
.

Dμ =
3∑

i=1

piμDi,

Dμν = gμνD00 +
3∑

i,j=1

piμpjνDij ,

Dμνρ =
3∑

i=1

(gμνpiρ + gνρpiμ + gμρpiν)D00i +
3∑

i,j,k=1

piμpjνpkρDijk,

Dμνρσ = (gμνgρσ + gμρgνσ + gμσgνρ)D0000

+
3∑

i,j=1

(gμνpiρpjσ + gνρpiμpjσ + gμρpiνpjσ

+ gμσpiνpjρ + gνσpiμpjρ + gρσpiμpjν)D00ij

+
3∑

i,j,k,l=1

piμpjνpkρplσDijkl.

Recursive equations for the tensor coefficient functions
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The process pp → tt̄bb̄ in NLO QCD
Bredenstein, Denner, S.D., Pozzorini ’08,’09; Bevilacqua, Czakon, Papadopoulos, Pittau, Worek ’09

qq̄ → tt̄bb̄ gg → tt̄bb̄

LO: 7 tree graphs LO: 36 tree graphs

NLO: O(200) 1-loop diagrams
(24 pentagons, 8 hexagons)

NLO: O( >∼ 1000) 1-loop diagrams
(> 100 pentagons, 40 hexagons)

2 → 4 processes define present “NLO multi-leg frontier".

Stefan Dittmaier, NLO QCD corrections to pp → tt̄bb̄ ICHEP, Paris, 2010 – 8
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Our Feynman-diagrammatic approach for virtual 1-loop corrections

M1−loop =
X

(sub)diagrams Γ

MΓ generated with FEYNARTS (Küblbeck et al. ’90; Hahn ’01)

MΓ =
X

n

C(Γ)

|{z}

colour factor

F (Γ)
n

|{z}

↑
invariant functions containing
1-loop tensor integrals Tµνρ...

M̂n
|{z}

spin structures like [ūt(kt)/εg1 (kg1 )vt̄(kt̄)](εg2 (kg) · kt) . . .

Tµνρ... = (pµkp
ν
l p

ρ
m . . .)Tkl... + (gµνpρm . . .)T00m... + . . .

Tkl... = linear combination of scalar 1-loop integrals A0, B0, C0, D0

– recursively calculable à la Passarino/Veltman ’79 for regular points

– specially designed methods for rescuing cases with small Gram dets. Denner, S.D. ’05
– 5-/6-point integrals reduced to 4-point integrals Denner, S.D. ’02,’05

Features: – advantage: get all colour/spin channels in one stroke

→֒ speed: Mqq̄/gg→tt̄bb̄
1−loop in O(0.2sec/event) very fast !

– lengthy algebra → automation (MATHEMATICA)
– two independent calculations, one using features of FORMCALC (Hahn)

Stefan Dittmaier, NLO QCD corrections to pp → tt̄bb̄ ICHEP, Paris, 2010 – 9
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Unitarity

Gluing trees to make loops ?

Started in 90’s, mainly QCD, amplitude level (analytical results)
Z. Bern, L. J. Dixon, D. C. Dunbar and D. A. Kosower, [arXiv:hep-ph/9403226].
Gluing tree amplitudes plus colinear limits → extract coefficients
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Unitarity

Gluing trees to make loops ?

C ∗
∫

A =
m−1∑

i0<i1<i2<i3

d(i0i1i2i3)C ∗ D0(i0i1i2i3)

+
m−1∑

i0<i1<i2

c(i0i1i2)C ∗ C0(i0i1i2)

+
m−1∑

i0<i1

b(i0i1)C ∗ B0(i0i1)
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Unitarity

Applying the unitarity method:

From the known behavior of scalar functions

Integral Unique Function

a I0m4 (s, t) ln(−s) ln(−t)
b I1m3 (s) ln(−s)2

c I1m3 (t) ln(−t)2

d I2(s) ln(−s)
e I2(t) ln(−t)

Table 1: The set of integral functions that may appear in a cut-constructible massless

four-point amplitude, together with the independent logarithms.

To calculate/guess the rational coefficients + collinear limits

rational functions, they are not affected by branch cut singularities. Therefore one can get

information about them by studying the discontinuities of the amplitude across the cuts.

In fact, most of the techniques for computing the coefficients efficiently are based on

studying unitarity cuts [1,2,9,4,5]. The basic idea is to consider the branch cut singularity

of the amplitude in a given channel. The discontinuity across this branch cut can be

computed by a cut integral on both sides of the equation

An:1 =
∑(

b̂I1m + ĉI2m e + d̂I2m h + ĝI3m + f̂ I4m
)
. (2.1)

On the left hand side, one cuts two propagators of all Feynman integrals participating in

this channel, while on the right hand side one cuts two propagators of scalar box functions.

By “cutting propagators” we mean the following. In Minkowski space, propagators in

one loop integrals are defined by using Feynman’s iǫ prescription, i.e., 1/(P 2 + iǫ). This is

equal to the principal value of 1/P 2 plus iδ(+)(P 2), where (+) indicates a restriction to the

future light-cone. Cutting a propagator means removing the principal part, i.e., replacing

the propagator by iδ(+)(P 2).

The sum over cut Feynman integrals on the left of (2.1) becomes an integral over a

Lorentz invariant phase space of the product of two tree-level amplitudes. To be more

explicit, consider the cut in the (i, i+ 1, ..., j)-channel,

C =

∫
dµ Atree(ℓ1, i, ..., j, ℓ2) A

tree(−ℓ2, j + 1, ..., i− 1,−ℓ1), (2.2)

where dµ is the Lorentz invariant phase space measure for (ℓ1, ℓ2). It is given explicitly by

dµ = δ(+)(ℓ21) δ
(+)(ℓ22) δ

(4)(ℓ1 + ℓ2 − Pij), (2.3)

where Pij is the sum of the momenta of gluons from i to j.

If we denote the discontinuity across the branch cut of a given scalar box integral I

by ∆I, then we have the following equation.

∫
dµAtree(ℓ1, i, ..., j, ℓ2)A

tree(−ℓ2, j + 1, ..., i− 1,−ℓ1) =

∑(
b̂∆I1m + ĉ∆I2m e + d̂∆I2m h + ĝ∆I3m + f̂∆I4m

)
.

(2.4)

As discussed in the introduction, these equations have been used to get the coefficients for

MHV amplitudes and six- and seven- gluon next-to-MHV amplitudes [1,2,9,4,5].

6
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Unitarity

Cut-construct-ability for arbitrary number of legs (to be compared with PV)
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Quadruple cuts

R. Britto, F. Cachazo and B. Feng, [arXiv:hep-th/0412103].
Quadruple cut with complex momenta → d(i0i1i2i3)

The amazing formula

Now it turns out that no other box integral in (2.1) shares the same singularity.

Therefore, the generalization of (2.4) is

∫
d4ℓ δ(+)(ℓ2) δ(+)((ℓ−K1)

2) δ(+)((ℓ−K1 −K2)
2) δ(+)((ℓ+K4)

2)×

Atree
1 Atree

2 Atree
3 Atree

4 = f̂∆LSI
4m,

(2.7)

where Atree
n is the tree-level amplitude at the corner with total external momentum Kn.

See fig. 2.

Note that since there are four delta functions, and ℓ is a vector in four dimensions,

then the integral is localized and equals a jacobian J = (4K2
41K

2
12ρ)

−1. Moreover, the

same jacobian appears on both sides of (2.7), and we find that

f̂ =
1

|S|
∑

S,J

nJ (A
tree
1 Atree

2 Atree
3 Atree

4 ), (2.8)

where the sum is over the possible spins J of internal particles and the solution set S of ℓ’s

for the localization equations, |S| is the number of these solutions, and nJ is the number

of particles of spin J .

This equation gives the coefficient f̂ of any four-mass box function in any one-loop

amplitude, as we discuss in more detail in section 2.1.

l 1

l 3

l 4l 2

Κ 1

Κ 2 Κ 3

p
Fig. 3: Scalar box integral with at least one massless leg. We use thick lines for

massive legs and thin lines for massless legs.

8

Familiarize yourself in using complex-valued momenta
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The old “master” formula

∫
A =

m−1∑

i0<i1<i2<i3

d(i0i1i2i3)D0(i0i1i2i3)

+
m−1∑

i0<i1<i2

c(i0i1i2)C0(i0i1i2)

+
m−1∑

i0<i1

b(i0i1)B0(i0i1)

+
m−1∑

i0

a(i0)A0(i0)

+ rational terms

D0,C0,B0,A0, scalar one-loop integrals: ’t Hooft and Veltman
QCDLOOP Ellis & Zanderighi ; OneLOop A. van Hameren
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The old “master” formula

∫
N(q)

D̄0D̄1 · · · D̄m−1

=
m−1∑

i0<i1<i2<i3

d(i0i1i2i3)

∫
1

D̄i0D̄i1D̄i2D̄i2

+
m−1∑

i0<i1<i2

c(i0i1i2)

∫
1

D̄i0D̄i1D̄i2

+
m−1∑

i0<i1

b(i0i1)

∫
1

D̄i0D̄i1

+
m−1∑

i0

a(i0)

∫
1

D̄i0

+ rational terms
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The new “master” formula

N(q)

D̄0D̄1 · · · D̄m−1

=
m−1∑

i0<i1<i2<i3

d(i0i1i2i3) + d̃(q; i0i1i2i3)

D̄i0D̄i1D̄i2D̄i2

+
m−1∑

i0<i1<i2

c(i0i1i2) + c̃(q; i0i1i2)

D̄i0D̄i1D̄i2

+
m−1∑

i0<i1

b(i0i1) + b̃(q; i0i1)

D̄i0D̄i1

+
m−1∑

i0

a(i0) + ã(q; i0)

D̄i0

+ rational terms
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OPP “master” formula - I

General expression for the 4-dim N(q) at the integrand level in terms of Di

N(q) =
m−1∑

i0<i1<i2<i3

[
d(i0i1i2i3) + d̃(q; i0i1i2i3)

] m−1∏

i 6=i0,i1,i2,i3

Di

+
m−1∑

i0<i1<i2

[c(i0i1i2) + c̃(q; i0i1i2)]
m−1∏

i 6=i0,i1,i2

Di

+
m−1∑

i0<i1

[
b(i0i1) + b̃(q; i0i1)

] m−1∏

i 6=i0,i1

Di

+
m−1∑

i0

[a(i0) + ã(q; i0)]
m−1∏

i 6=i0

Di
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OPP “master” formula - II

N(q) =

m−1∑
i0<i1<i2<i3

[
d(i0 i1 i2 i3) + d̃(q; i0 i1 i2 i3)

] m−1∏
i 6=i0,i1,i2,i3

Di +

m−1∑
i0<i1<i2

[c(i0 i1 i2) + c̃(q; i0 i1 i2)]

m−1∏
i 6=i0,i1,i2

Di

+

m−1∑
i0<i1

[
b(i0 i1) + b̃(q; i0 i1)

] m−1∏
i 6=i0,i1

Di +

m−1∑
i0

[a(i0) + ã(q; i0)]

m−1∏
i 6=i0

Di

The quantities d(i0i1i2i3) are the coefficients of 4-point functions with
denominators labeled by i0, i1, i2, and i3.

c(i0i1i2), b(i0i1), a(i0) are the coefficients of all possible 3-point, 2-point and
1-point functions, respectively.

What is the explicit expression of the spurious term?

Costas G. Papadopoulos (Athens) Reduction at NLO and beyond I Krakow 2013 22 / 57



OPP “master” formula - II

N(q) =

m−1∑
i0<i1<i2<i3

[
d(i0 i1 i2 i3) + d̃(q; i0 i1 i2 i3)

] m−1∏
i 6=i0,i1,i2,i3

Di +

m−1∑
i0<i1<i2

[c(i0 i1 i2) + c̃(q; i0 i1 i2)]

m−1∏
i 6=i0,i1,i2

Di

+

m−1∑
i0<i1

[
b(i0 i1) + b̃(q; i0 i1)

] m−1∏
i 6=i0,i1

Di +

m−1∑
i0

[a(i0) + ã(q; i0)]

m−1∏
i 6=i0

Di

The quantities d̃ , c̃ , b̃ , ã are the “spurious” terms

They still depend on q (integration momentum)

They should vanish upon integration

What is the explicit expression of the spurious term?
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Spurious Terms - I

Following F. del Aguila and R. Pittau, arXiv:hep-ph/0404120

Express any q in N(q) as

qµ = −pµ0 +
∑4

i=1 Gi `
µ
i , `i

2 = 0

k1 = `1 + α1`2 , k2 = `2 + α2`1 , ki = pi − p0

`3
µ =< `1|γµ|`2] , `4

µ =< `2|γµ|`1]

The coefficients Gi either reconstruct denominators Di

or vanish upon integration

→ They give rise to d , c , b, a coefficients
→ They form the spurious d̃ , c̃ , b̃, ã coefficients
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Spurious Terms - II

d̃(q) term (only 1)
d̃(q) = d̃ T (q) ,

where d̃ is a constant (does not depend on q)

T (q) ≡ Tr [(/q + /p0)/̀1/̀2/k3γ5]

c̃(q) terms (they are 6)

c̃(q) =

jmax∑

j=1

{
c̃1j [(q + p0) · `3]j + c̃2j [(q + p0) · `4]j

}

In the renormalizable gauge, jmax = 3

b̃(q) and ã(q) give rise to 8 and 4 terms, respectively
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A simple example

∫
1

D0D1D2D3D4

1 =
∑[

d(i0i1i2i3) + d̃(q; i0i1i2i3)
]
Di4

∫
1

D0D1D2D3D4

∑[
d(i0i1i2i3) + d̃(q; i0i1i2i3)

]
Di4

∫
1

D0D1D2D3D4
=
∑

d(i0i1i2i3)D0(i0i1i2i3)

d(i0i1i2i3) =
1

2

(
1

Di4 (q+)
+

1

Di4 (q−)

)

Melrose, Nuovo Cim. 40 (1965) 181

G. Källén, J.Toll, J. Math. Phys. 6, 299 (1965)
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A simple example

To be compared with standard formula (Denner)

adding the first column to each of the other columns and then enlarging the determinant
by one column and one row this can be written as

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 Y00 . . . Y04

0 T 4
0 (0) + Y00T

5
0 . . . T 4

0 (4) + Y40T
5
0

0 Y10 − Y00 . . . Y14 − Y04

...
...

. . .
...

0 Y40 − Y00 . . . Y44 − Y04

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0 (4.51)

This is equivalent to

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

T 5
0 −T 4

0 (0) −T 4
0 (1) −T 4

0 (2) −T 4
0 (3) −T 4

0 (4)

1 Y00 Y01 Y02 Y03 Y04

1 Y10 Y11 Y12 Y13 Y14

1 Y20 Y21 Y22 Y23 Y24

1 Y30 Y31 Y32 Y33 Y34

1 Y40 Y41 Y42 Y43 Y44

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0, (4.52)

which can be solved for T 5
0 if the determinant of the matrix Yij, i, j = 0, . . . , 4 is nonzero.

Note that in the integral T 4
0 (0) the momenta have not been shifted. In particular (4.52)

yields the scalar five-point function T 5
0 in terms of five scalar four-point functions.

4.4.2 Reduction of N-point functions for zero Gram determinant

For vanishing Gram determinant |XN−1| the following relation holds, if the Lorentz
decomposition of the appearing tensor integrals contains only momenta and no metric
tensors, which is the case for N ≥ 6 or P = 0 (scalar integrals)

(2πµ)4−D

iπ2

∫
dDq

qµ1 · · · qµP

D0D1 · · ·DN−1

∣∣∣∣∣∣∣∣∣∣∣∣

D0 + Y00 2qp1 . . . 2qpN−1

Y10 − Y00 2p21 . . . 2p1pN−1

...
...

. . .
...

YN−10 − Y00 2pN−1p1 . . . 2p2N−1

∣∣∣∣∣∣∣∣∣∣∣∣

= 0. (4.53)

Performing the same manipulations of the determinant as in (4.49) to (4.52) above this
results in ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

TN
µ1...µP

−TN−1
µ1...µP

(0) −TN−1
µ1...µP

(1) . . . −TN−1
µ1...µP

(N − 1)

1 Y00 Y01 . . . Y0N−1

1 Y10 Y11 . . . Y1N−1

...
...

...
. . .

...

1 YN−10 YN−11 . . . YN−1N−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0, (4.54)

valid for |XN−1| = 0 and N ≥ 6 or P = 0. We stress again that in the tensor integral
TN
µ1...µP

(0) appearing in (4.54) the momenta have not been shifted. Eq. (4.54) determines
TN
µ1...µP

in terms of TN−1
µ1...µP

(i), i = 0, . . . , N − 1, if the determinant of the matrix Yij is

31

+ η(−xk, r02)

[
log
( 1

r02x
(0)
k

P (0, 0, 1, r02x
(0)
k ) − r02x

(0)
k εbγk,3−k

)
+ log(r02x

(0)
k )

]

−
[
η(−xk,

r02
r13

) + η(r02,
1

r13
)
] 
log

( r13

r02x
(0)
k

P (0, 1,
r02x

(0)
k

r13
, 0) − r02x

(0)
k

r13
εbγk,3−k

)

+ log
(r02x

(0)
k

r13

)

+

(
1 − γk,3−ksgn(b)

)
η(−xk,−

r02
r13

)η(r02,
1

r13
)

]}
.

ε is understood as infinitesimally small.

4.4 Reduction of scalar and tensor integrals for vanishing Gram determinant

Using the four-dimensionality of space-time the scalar five-point function can be re-
duced to five scalar four-point functions [29, 31]. Furthermore if the Gram determinant
of the external momenta of a tensor integral TN vanishes,

|XN−1| =

∣∣∣∣∣∣∣∣∣∣∣∣

p21 p1p2 . . . p1pN−1

p2p1 p22 . . . p2pN−1

...
...

. . .
...

pN−1p1 pN−1p2 . . . p2N−1

∣∣∣∣∣∣∣∣∣∣∣∣

= 0, (4.44)

this tensor integral can be expressed in terms of N integrals TN−1. This is always the
case for N ≥ 6, because any five momenta are linear dependent in four dimensions.

4.4.1 Reduction of scalar five-point functions

Here we assume that the four external momenta appearing in the five-point function
span the whole four-dimensional space2. Then the integration momentum q depends
linearly on these four external momenta and the following equations holds

0 =

∣∣∣∣∣∣∣∣∣∣∣∣

2q2 2qp1 . . . 2qp4

2p1q 2p21 . . . 2p1p4
...

...
. . .

...

2p4q 2p4p1 . . . 2p24

∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣

2D0 + Y00 2qp1 . . . 2qp4

D1 −D0 + Y10 − Y00 2p21 . . . 2p1p4
...

...
. . .

...

D4 −D0 + Y40 − Y00 2p4p1 . . . 2p24

∣∣∣∣∣∣∣∣∣∣∣∣

(4.45)

with
Yij = m2

i + m2
j − (pi − pj)

2. (4.46)

and Di as defined in (4.2). Thus we have

1

iπ2

∫
dDq

1

D0D1 · · ·D4

∣∣∣∣∣∣∣∣∣∣∣∣

2D0 + Y00 2qp1 . . . 2qp4

D1 −D0 + Y10 − Y00 2p21 . . . 2p1p4
...

...
. . .

...

D4 −D0 + Y40 − Y00 2p4p1 . . . 2p24

∣∣∣∣∣∣∣∣∣∣∣∣

= 0. (4.47)

2The exceptional case, when they are linear dependent will be covered in the next section.

29
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A next to simple example

∫
1

D0D1D2D3 . . .Dm−1

1 =
∑[

d(i0i1i2i3) + d̃(q; i0i1i2i3)
]
Di4Di5 . . .Dim−1

∫
1

D0D1D2D3 . . .Dm−1

∑[
d(i0i1i2i3) + d̃(q; i0i1i2i3)

]
Di4Di5 . . .Dim−1

∫
1

D0D1D2D3 . . .Dm−1
=
∑

d(i0i1i2i3)D0(i0i1i2i3)

d(i0i1i2i3) =
1

2


 ∏

j 6=i0,i1,i2,i3

1

Dj(q+)
+

∏

j 6=i0,i1,i2,i3

1

Dj(q−)
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General strategy

Now we know the form of the spurious terms:

N(q) =

m−1∑
i0<i1<i2<i3

[
d(i0 i1 i2 i3) + d̃(q; i0 i1 i2 i3)

] m−1∏
i 6=i0,i1,i2,i3

Di +

m−1∑
i0<i1<i2

[c(i0 i1 i2) + c̃(q; i0 i1 i2)]

m−1∏
i 6=i0,i1,i2

Di

+

m−1∑
i0<i1

[
b(i0 i1) + b̃(q; i0 i1)

] m−1∏
i 6=i0,i1

Di +

m−1∑
i0

[a(i0) + ã(q; i0)]

m−1∏
i 6=i0

Di

Our calculation is now reduced to an algebraic problem

Extract all the coefficients by evaluating N(q) for a set of values of the
integration momentum q

There is a very good set of such points: Use values of q for which a set of
denominators Di vanish → The system becomes “triangular”: solve first for
4-point functions, then 3-point functions and so on
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denominators Di vanish → The system becomes “triangular”: solve first for
4-point functions, then 3-point functions and so on
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Example

N(q) = d + d̃(q) +
3∑

i=0

[c(i) + c̃(q; i)]Di +
3∑

i0<i1

[
b(i0i1) + b̃(q; i0i1)

]
Di0Di1

+
3∑

i0=0

[a(i0) + ã(q; i0)]Di 6=i0Dj 6=i0Dk 6=i0

We look for a q of the form qµ = −pµ0 + xi`
µ
i such that

D0 = D1 = D2 = D3 = 0

→ we get a system of equations in xi that has two solutions q±0
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Example

N(q) = d + d̃(q) +
3∑

i=0

[c(i) + c̃(q; i)]Di +
3∑

i0<i1

[
b(i0i1) + b̃(q; i0i1)

]
Di0Di1

+
3∑

i0=0

[a(i0) + ã(q; i0)]Di 6=i0Dj 6=i0Dk 6=i0

Our “master formula” for q = q±0 is:

N(q±0 ) = [d + d̃ T (q±0 )]

→ solve to extract the coefficients d and d̃
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Example

N(q)− d − d̃(q) =
3∑

i=0

[c(i) + c̃(q; i)]Di +
3∑

i0<i1

[
b(i0i1) + b̃(q; i0i1)

]
Di0Di1

+
3∑

i0=0

[a(i0) + ã(q; i0)]Di 6=i0Dj 6=i0Dk 6=i0

Then we can move to the extraction of c coefficients using

N ′(q) = N(q)− d − d̃T (q)

and setting to zero three denominators (ex: D1 = 0, D2 = 0, D3 = 0)
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Example

N(q)− d − d̃(q) = [c(0) + c̃(q; 0)]D0

We have infinite values of q for which

D1 = D2 = D3 = 0 and D0 6= 0

→ Here we need 7 of them to determine c(0) and c̃(q; 0)
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Rational Terms - I

R1: the rational terms from the reduction itself

Let’s go back to the integrand

A(q̄) =
N(q)

D̄0D̄1 · · · D̄m−1

Insert the expression for N(q)→ we know all the coefficients

N(q) =
m−1∑

i0<i1<i2<i3

[
d + d̃(q)

] m−1∏

i 6=i0,i1,i2,i3

Di +
m−1∑

i0<i1<i2

[c + c̃(q)]
m−1∏

i 6=i0,i1,i2

Di + · · ·

Finally rewrite all denominators using

Di

D̄i

= Z̄i , with Z̄i ≡
(

1− q̃2

D̄i

)
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Rational Terms - I

A(q̄) =
m−1∑

i0<i1<i2<i3

d(i0i1i2i3) + d̃(q; i0i1i2i3)

D̄i0D̄i1D̄i2D̄i3

m−1∏

i 6=i0,i1,i2,i3

Z̄i

+
m−1∑

i0<i1<i2

c(i0i1i2) + c̃(q; i0i1i2)

D̄i0D̄i1D̄i2

m−1∏

i 6=i0,i1,i2

Z̄i

+
m−1∑

i0<i1

b(i0i1) + b̃(q; i0i1)

D̄i0D̄i1

m−1∏

i 6=i0,i1

Z̄i

+
m−1∑

i0

a(i0) + ã(q; i0)

D̄i0

m−1∏

i 6=i0

Z̄i

The rational part is produced, after integrating over dnq, by the q̃2

dependence in Z̄i

Z̄i ≡
(

1− q̃2

D̄i

)
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Rational Terms - I

The “Extra Integrals” are of the form

I
(n;2`)
s;µ1···µr ≡

∫
dnq q̃2` qµ1 · · · qµr

D̄(k0) · · · D̄(ks)
,

where
D̄(ki ) ≡ (q̄ + ki )

2 −m2
i , ki = pi − p0

These integrals:

- have dimensionality D = 2(1 + `− s) + r

- contribute only when D ≥ 0, otherwise are of O(ε)
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Rational Terms - II

Expand in D-dimensions ?

D̄i = Di + q̃2

N(q) =
m−1∑

i0<i1<i2<i3

[
d(i0i1i2i3; q̃2) + d̃(q; i0i1i2i3; q̃2)

] m−1∏

i 6=i0,i1,i2,i3

D̄i

+
m−1∑

i0<i1<i2

[
c(i0i1i2; q̃2) + c̃(q; i0i1i2; q̃2)

] m−1∏

i 6=i0,i1,i2

D̄i

+
m−1∑

i0<i1

[
b(i0i1; q̃2) + b̃(q; i0i1; q̃2)

] m−1∏

i 6=i0,i1

D̄i

+
m−1∑

i0

[
a(i0; q̃2) + ã(q; i0; q̃2)

]m−1∏

i 6=i0

D̄i + P̃(q)
m−1∏

i

D̄i

m2
i → m2

i − q̃2
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Rational Terms - II

Polynomial dependence on q̃2

b(ij ; q̃2) = b(ij) + q̃2b(2)(ij) , c(ijk; q̃2) = c(ijk) + q̃2c(2)(ijk) .

∫
dnq̄

q̃2

D̄i D̄j

= − iπ2

2

[
m2

i + m2
j −

(pi − pj)
2

3

]
+O(ε) ,

∫
dnq̄

q̃2

D̄i D̄j D̄k

= − iπ2

2
+O(ε) ,

∫
dnq̄

q̃4

D̄i D̄j D̄kD̄l

= − iπ2

6
+O(ε) .
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Rational Terms - II

Furthermore, by defining

D(m)(q, q̃2) ≡
m−1∑

i0<i1<i2<i3

[
d(i0i1i2i3; q̃2) + d̃(q; i0i1i2i3; q̃2)

] m−1∏

i 6=i0,i1,i2,i3

D̄i ,

the following expansion holds

D(m)(q, q̃2) =
m∑

j=2

q̃(2j−4)d (2j−4)(q) ,

where the last coefficient is independent on q

d (2m−4)(q) = d (2m−4) .
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Rational Terms - II

In practice, once the 4-dimensional coefficients have been determined, one can
redo the fits for different values of q̃2, in order to determine b(2)(ij), c(2)(ijk) and
d (2m−4).

R1 = − i

96π2
d (2m−4) − i

32π2

m−1∑

i0<i1<i2

c(2)(i0i1i2)

− i

32π2

m−1∑

i0<i1

b(2)(i0i1)

(
m2

i0 + m2
i1 −

(pi0 − pi1 )2

3

)
.

G. Ossola, C. G. Papadopoulos and R. Pittau,arXiv:0802.1876 [hep-ph]

Costas G. Papadopoulos (Athens) Reduction at NLO and beyond I Krakow 2013 36 / 57



Rational Terms - R2

A different source of Rational Terms, called R2, can also be generated from the
ε-dimensional part of N(q)

N̄(q̄) = N(q) + Ñ(q̃2, ε; q)

R2 ≡
1

(2π)4

∫
dn q̄

Ñ(q̃2, ε; q)

D̄0D̄1 · · · D̄m−1

≡ 1

(2π)4

∫
dn q̄R2

q̄ = q + q̃ ,

γ̄µ̄ = γµ + γ̃µ̃ ,

ḡ µ̄ν̄ = gµν + g̃ µ̃ν̃ .

New vertices/particles or GKMZ-approach
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HELAC R2 terms

Contribution from d−dimensional parts in numerators:

p

µ1,a1 µ2,a2
=

ig2Ncol

48π2
δa1a2

[ p2
2
gµ1µ2 + λHV

(
gµ1µ2p

2 − pµ1pµ2

)

+
Nf

Ncol
(p2 − 6m2

q) gµ1µ2

]

p2
p1

p3

µ2,a2

µ1,a1

µ3,a3

= −g3Ncol

48π2

(
7

4
+ λHV + 2

Nf

Ncol

)
fa1a2a3 Vµ1µ2µ3(p1, p2, p3)

µ3,a3µ4,a4

µ2,a2µ1,a1

= − ig4Ncol

96π2

∑

P (234)

{[ δa1a2δa3a4 + δa1a3δa4a2 + δa1a4δa2a3
Ncol

+4Tr(ta1ta3ta2ta4 + ta1ta4ta2ta3) (3 + λHV )

−Tr({ta1ta2}{ta3ta4}) (5 + 2λHV )
]
gµ1µ2gµ3µ4

+12
Nf

Ncol
Tr(ta1ta2ta3ta4)

(
5

3
gµ1µ3gµ2µ4 − gµ1µ2gµ3µ4 − gµ2µ3gµ1µ4

)}

µ, a

k

l

=
ig3

16π2

N2
col − 1

2Ncol
taklγµ (1 + λHV )

p

l k
=

ig2

16π2

N2
col − 1

2Ncol
δkl(−/p+ 2mq)λHV
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HELAC R2 terms

µ
V

k

l

= − g2

16π2

N2
col − 1

2Ncol
δklγµ (v + aγ5) (1 + λHV )

S

k

l

= − g2

8π2

N2
col − 1

2Ncol
δkl (c+ dγ5) (1 + λHV )

µ
V

p1

p2

α1,a1

α2,a2

= a
ig2

12π2
δa1a2εµα1α2β (p1 − p2)

β

α1,a1

α2,a2

S
= c

g2

8π2
δa1a2gα1α2 mq

α2,a2µ2

α1,a1µ1
V1

V2

= − ig2

24π2
δa1a2(v1v2 + a1a2) (gµ1µ2gα1α2 + gµ1α1gµ2α2 + gµ1α2gµ2α1)

α2,a2

α1,a1S1

S2

=
ig2

8π2
δa1a2 (c1c2 − d1d2) gα1α2

α3,a3 α2,a2

µ α1,a1V

= − g3

24π2
{v Tr(ta1{ta2ta3})(gµα1gα2α3 + gµα2gα1α3 + gµα3gα1α2)

−i9a [Tr(ta1ta2ta3)− Tr(ta1ta3ta2)] εµα1α2α3}
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GKMZ approach

Cuts in D−dimensions with particles in Ds dimensions

Giele, Kunszt, Melnikov, Zanderighi
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Constructing the one-loop amplitudes

The unitarity approach, by Blackhat and Rocket collaborations, with primitive
amplitudes

→ d

−
∑

d → c

Certain repetition in blobs, but unique cut coefficient
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Constructing the one-loop amplitudes

The HELAC-1LOOP approach

Dyson-Schwinger equations - reduced to Berends-Giele for ordered amplitudes

= +

+ +

First line: tree-order generating
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Constructing the one-loop amplitudes

Numerator functions computed by HELAC and reduced by CuTtools

f c1

2

4

16

8

32

→ d , c , b, a,R1

f c

1

2

4 8

16

32 1 32

2 16

84

11

22

4 8

1616

32
1

2
4

8

16

32

f c

f c f c

→ d , c , b, a,R1
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Constructing the one-loop amplitudes

All blobs are tree-order currents, independent of loop-momentum

= +

The n→ n + 2 construction

=

1

2

16

1

2

4 8

16

32
1

2

16

1

2

4 8

16

32f

128
f f

_

64
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Color treatment

HELAC is using color-connection representation of amplitudes + color-flow
Feynman rules (Kanaki & Papadopoulos) - valid also at one loop

1 32

4 8

2 16

1 32

4 8

2 16

128 64

1

32

4 8

2 16 1

32

4 8

2 16

128 64
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Real corrections

Real corrections: D → 4 dimensions (Catani & Seymour)
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Real corrections

Dipoles in real life

	  

Costas G. Papadopoulos (Athens) Reduction at NLO and beyond I Krakow 2013 47 / 57



Real corrections

Dipoles in real life: the formulae
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HELAC 1-loop
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HELAC 1-loop
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HELAC-1L

A. van Hameren, C. G. Papadopoulos and R. Pittau, JHEP 0909 (2009) 106 [arXiv:0903.4665 [hep-ph]].

Process 6 Di 5 Di 4 Di 3 Di 2 Di R2 CT Total

non-planar 18 120 268 220 112 51 6 795
gg → tt̄bb̄

planar 13 32 35 40 48 25 2 195

non-planar 168 576 480 224 56 50 14 1568
gg → tt̄gg

planar 2 14 40 60 60 34 3 213
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HELAC-1L

pp → tt̄bb̄

uū → tt̄bb̄

ε−2 ε−1 ε0

HELAC-1L -2.347908989000179E-07 -2.082520105681483E-07 3.909384299635230E-07

I (ε) -2.347908989000243E-07 -2.082520105665445E-07

gg → tt̄bb̄

HELAC-1L -1.435108168334016E-06 -2.085070773763073E-06 3.616343483497464E-06

I (ε) -1.435108168334035E-06 -2.085070773651439E-06

px py pz E
u(g) 0 0 250 250
ū(g) 0 0 -250 250
t 12.99421901255723 -9.591511769543683 75.05543670827210 190.1845561691092
t̄ 53.73271578143694 -0.2854146459513714 17.68101382654795 182.9642163285034
b -41.57664370692741 3.895531135098977 -91.94931862397770 100.9874727883170
b̄ -25.15029108706678 5.981395280396083 -0.7871319108423604 25.86375471407044
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HELAC-1L

pp → VVbb̄ and pp → VV+ 2 jets

uū →W+W−bb̄
ε−2 ε−1 ε0

HELAC-1L -2.493916939359002E-07 -4.885901774740355E-07 1.592538533368835E-07

I (ε) -2.493916939359001E-07 -4.885901774752593E-07

gg →W+W−bb̄
HELAC-1L -2.686310592221201E-07 -6.078682316434646E-07 -2.431624440346638E-07

I (ε) -2.686310592221206E-07 -6.078682340168020E-07

px py pz E
u(g) 0 0 250 250
ū(g) 0 0 -250 250
W+ 22.40377113462118 -16.53704884550758 129.4056091248114 154.8819879118765
W− 92.64238702192333 -0.4920930146078141 30.48443210132545 126.4095336206695
b -71.68369328357026 6.716416578342183 -158.5329205583824 174.1159068988160
b̄ -43.36246487297426 10.31272528177322 -1.357120667754454 44.59257156863792
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HELAC-1L

pp → V+ 3 jets

ud̄ →W+ggg

ε−2 ε−1 ε0

HELAC-1L -1.995636628164684E-05 -5.935610843551600E-05 -5.323285370666314E-05

I (ε) -1.995636628164686E-05 -5.935610843566534E-05

uū → Zggg

HELAC-1L -7.148261887172997E-06 -2.142170009323704E-05 -1.906378375774021E-05

I (ε) -7.148261887172976E-06 -2.142170009540120E-05

px py pz E
u 0 0 250 250
d̄ 0 0 -250 250
W+ 23.90724239064912 -17.64681636854432 138.0897548661186 162.5391101447744
g 98.85942812363483 -0.5251163702879512 32.53017998659339 104.0753327455388
g -76.49423931754684 7.167141557113385 -169.1717405928078 185.8004692730082
g -46.27243119673712 11.00479118171890 -1.448194259904179 47.58508783667868
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HELAC-1L

pp → tt̄+ 2 jets

uū → tt̄gg

ε−2 ε−1 ε0

HELAC-1L -6.127108113312741E-05 -1.874963444741646E-04 -3.305349683690902E-04

I (ε) -6.127108113312702E-05 -1.874963445081074E-04

gg → tt̄gg

HELAC-1L -3.838786514961561E-04 -9.761168899507888E-04 -5.225385984750410E-04

I (ε) -3.838786514961539E-04 -9.761168898436521E-04

px py pz E
u(g) 0 0 250 250
ū(g) 0 0 -250 250
t 12.99421901255723 -9.591511769543683 75.05543670827210 190.1845561691092
t̄ 53.73271578143694 -0.2854146459513714 17.68101382654795 182.9642163285034
g -41.57664370692741 3.895531135098977 -91.94931862397770 100.9874727883170
g -25.15029108706678 5.981395280396083 -0.7871319108423604 25.86375471407044
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HELAC-1L

pp → bb̄bb̄

uū → bb̄bb̄

ε−2 ε−1 ε0

HELAC-1L -9.205269484951069E-08 -2.404679886692200E-07 -2.553568662778129E-07

I (ε) -9.205269484951025E-08 -2.404679886707971E-07

gg → bb̄bb̄

HELAC-1L -2.318436429821683E-05 -6.958360737366907E-05 -7.564212339279291E-05

I (ε) -2.318436429821662E-05 -6.958360737341511E-05

px py pz E
u(g) 0 0 250 250
ū(g) 0 0 -250 250
b 24.97040523056789 -18.43157602837212 144.2306511496888 147.5321146846735
b̄ 103.2557390255471 -0.5484684659584054 33.97680766420219 108.7035966213640
b -79.89596300367462 7.485866671764871 -176.6948628845280 194.0630765341365
b̄ -48.33018125244035 11.49417782256567 -1.512595929362970 49.70121215982584
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HELAC-DIPOLES

Arbitrary processes QCD+EW
Massive and massless external states
Helicity (& color) sampling for partons
Random helicities for non-partons
Restrictions on PS αmax
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HELAC-DIPOLES

Arbitrary processes QCD+EW
Massive and massless external states
Helicity (& color) sampling for partons
Random helicities for non-partons
Restrictions on PS αmax

 --------------------------------------------------
 Dipole Subtraction Configuration
 --------------------------------------------------
 only real emission:                       F
 only last particle soft/collinear:        F
 only divergent dipoles:                   T
 random polarization for non-partons:      T
 sign mode (0-both,1-positive,2-negative):           0
 helicity sum (0-fast,1-slow,2-flat MC):             1
 events with polarization sum=                  100000
 events for sampling optimization=               20000
 event increment for sampling update=            10000
 alphaMinCut=                               1.000000000000000E-006
 alphaMaxII=                                 1.00000000000000
 alphaMaxIF=                                 1.00000000000000
 alphaMaxFI=                                 1.00000000000000
 alphaMaxFF=                                 1.00000000000000
 kappa=                                     0.000000000000000E+000
 jet veto included:                        F
 pt of vetoing jet=                          50.0000000000000
 color sampling: F
 --------------------------------------------------
 --------------------------------------------------
 Number of Dipoles:            55
 Number of Processes:           7
 --------------------------------------------------
 ---------------------------------------------------
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HOW HELAC-NLO WORKS-VIRTUAL

�
�

�
Generate w = 1 events (Les Houches format) using HELAC at tree order.

Information included: LH + color assignment, helicity. Optimization!

�



�
	Calculate using HELAC-1L virtual part for each w = 1 event. Produce a

new LH file including virtual corrections. Includes UV renormlization

�� ��The final LH file can now be used to produce any kinematical distribution !
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HOW HELAC-NLO WORKS-VIRTUAL�
�

�
Generate w = 1 events (Les Houches format) using HELAC at tree order.

Information included: LH + color assignment, helicity. Optimization!

<event>
     6    81  1.000000E+00  1.726000E+02  7.546772E-03  1.180000E-01
      21   -1    0    0  103  101  0.000000000000000E+00  0.000000000000000E+00  4.885658920243087E+02  4.885658920243087E+02  0.000000000000000E+00  0.000000E+00  9.0000E+00
      21   -1    0    0  104  102  0.000000000000000E+00  0.000000000000000E+00 -4.885658920243087E+02  4.885658920243087E+02  0.000000000000000E+00  0.000000E+00  9.0000E+00
       6    1    1    2  103    0  1.648551153938704E+02 -2.128833463956879E+01  1.563411288268662E+01  2.401366022681282E+02  1.726000000000000E+02  0.000000E+00  9.0000E+00
      -6    1    1    2    0  102 -6.677109609683933E+01  6.109017946596872E+01 -3.256227583127494E+02  3.794882475549945E+02  1.726000000000000E+02  0.000000E+00  9.0000E+00
       5    1    1    2  104    0  4.725480269309031E+00  2.281431584259000E+01  1.753945210216305E+02  1.769351891952198E+02  0.000000000000000E+00  0.000000E+00  9.0000E+00
      -5    1    1    2    0  101 -1.028094995663402E+02 -6.261616066898994E+01  1.345941244084323E+02  1.805717450302747E+02  0.000000000000000E+00  0.000000E+00  9.0000E+00
#   9.193930413382987E-08       4       3       4      14      13
#   0.000000000000000E+00  0.000000000000000E+00  0.000000000000000E+00  0.000000000000000E+00  7.869627745360847E-01 -1.175027485420859E+00 -7.869627745360847E-01 
-1.175027485420859E+00
#   0.000000000000000E+00  0.000000000000000E+00  0.000000000000000E+00  0.000000000000000E+00  1.376454726499085E+00 -3.246111302748730E-01 -1.376454726499085E+00 
-3.246111302748730E-01
#   1.863667555432868E+01 -3.562491121497572E+00 -9.077135267012881E+00  6.153194387677511E+00 -1.970622777463714E+01 -1.717507312227297E+00 -6.433090024792207E+00 
-6.899515402964241E+00
#  -6.580432295368123E+00 -2.321633716694498E-01  2.264652765353805E+01  1.423921666814779E+01 -2.316151832172334E+01  1.257559440674843E+01  4.439749203374159E+00  
6.683084353093276E+00
#  -5.059138841333641E-01 -1.133454593457765E+00  1.833599061114253E+01 -4.015116252979888E+00  1.833599061114253E+01  4.015116252979888E+00  5.059138841333641E-01 
-1.133454593457765E+00
#   2.672004287479594E+00  1.755067698199695E+01  2.615285048432793E+00 -6.256029470621641E+00 -2.615285048432793E+00 -6.256029470621641E+00  2.672004287479594E+00 
-1.755067698199695E+01
# pdf  3.605966723564206E-02  1.350916463377768E-01
</event>

�



�
	Calculate using HELAC-1L virtual part for each w = 1 event. Produce a

new LH file including virtual corrections. Includes UV renormlization

�� ��The final LH file can now be used to produce any kinematical distribution !
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HOW HELAC-NLO WORKS-VIRTUAL

�
�

�
Generate w = 1 events (Les Houches format) using HELAC at tree order.

Information included: LH + color assignment, helicity. Optimization!

Do this sum by MC (sample a configuration {i} = 1, 2, 3 {j} = 1, 2, 3)∑
{i},{j}

|Mi1,i2,...,ik
j1,j2,...,jk

|2

Express in terms of color connections Aσ

Mi1,i2,...,ik
j1,j2,...,jk

=
∑
σ

δiσ1
,j1δiσ2

,j2 . . . δiσk
,jkAσ

Very significant reduction in CPU-time

Process nconn 〈nconn〉MC Ratio

gg → bb̄W+W− 6 1.74 3.5

gg → tt̄bb̄ 24 3.04 7.9

gg → tt̄gg 120 6.27 19.1

�



�
	Calculate using HELAC-1L virtual part for each w = 1 event. Produce a

new LH file including virtual corrections. Includes UV renormlization

�� ��The final LH file can now be used to produce any kinematical distribution !

Costas G. Papadopoulos (Athens) NLO SLAC 27 / 54



HOW HELAC-NLO WORKS-VIRTUAL

�
�

�
Generate w = 1 events (Les Houches format) using HELAC at tree order.

Information included: LH + color assignment, helicity. Optimization!

�



�
	Calculate using HELAC-1L virtual part for each w = 1 event. Produce a

new LH file including virtual corrections. Includes UV renormlization

�� ��The final LH file can now be used to produce any kinematical distribution !

Costas G. Papadopoulos (Athens) NLO SLAC 27 / 54



HOW HELAC-NLO WORKS-VIRTUAL

�
�

�
Generate w = 1 events (Les Houches format) using HELAC at tree order.

Information included: LH + color assignment, helicity. Optimization!

�



�
	Calculate using HELAC-1L virtual part for each w = 1 event. Produce a

new LH file including virtual corrections. Includes UV renormlization

�� ��The final LH file can now be used to produce any kinematical distribution !

Costas G. Papadopoulos (Athens) NLO SLAC 27 / 54



HOW HELAC-NLO WORKS - STABILITY
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HOW HELAC-NLO WORKS-REAL

HELAC-DIPOLES

�� ��Generate CS Dipoles and calculate R − D, jet-algorithm, histograms

�� ��Calculate I operator contributions, histograms

�� ��Calculate KP operator contributions, histograms

Costas G. Papadopoulos (Athens) NLO SLAC 29 / 54



HOW HELAC-NLO WORKS-REAL

HELAC-DIPOLES

�� ��Generate CS Dipoles and calculate R − D, jet-algorithm, histograms

�� ��Calculate I operator contributions, histograms

�� ��Calculate KP operator contributions, histograms

Costas G. Papadopoulos (Athens) NLO SLAC 29 / 54



HOW HELAC-NLO WORKS-REAL

HELAC-DIPOLES

�� ��Generate CS Dipoles and calculate R − D, jet-algorithm, histograms

�� ��Calculate I operator contributions, histograms

�� ��Calculate KP operator contributions, histograms

Costas G. Papadopoulos (Athens) NLO SLAC 29 / 54



Real Emission 	


  Phase space restriction on the dipoles phase space   
  Less dipole subtraction terms per event  
  Increased numerical stability   
  Reduced missed binning problem  
  Large cancellations between subtracted real radiation  
       and integrated dipoles  

12	  

Subtracted real emission	

K + P operators	

I operators	

Full result	


  Cutoff independence !!!	


Bevilacqua, Czakon, Papadopoulos, Pittau, Worek ‘09	


αmax ∈ (0,1]
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pp → VVV

T. Binoth, G. Ossola, C. G. Papadopoulos and R. Pittau, JHEP 0806 (2008) 082 [arXiv:0804.0350 [hep-ph]].
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pp → VVV
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Motivations for ttbb and ttjj	  
                           potential discovery channel  

    
    

  top & bottom Yukawa coupling  
  Large QCD backgrounds:   

  Problem 1: combinatorial background of b-jets:  
 bb pair can be chosen incorrectly, lack  

            of distinctive kinematic feature of  
            Higgs decay jets  
  Problem 2: b-tagging efficiency:  

  two b-jets for Higgs candidate can  
            arise from mistagged QCD light jets  
  Goal: Backgrounds need to be controlled 	  

16	  

pp → tt̄H

H → bb̄

mH ≤ 135 GeV

tt̄bb̄ & tt̄jj

ATLAS TDR, CERN-OPEN-2008-020  

S/B ~ 1/9	


G. Aad, J. Steggemann, ATLAS & CMS @ TOP 2008 
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pp -> ttH -> ttbb @ LHC 	


17	  

  Scale dependence and integrated cross sections 

Scale dependence reduced: 
33% @ LO down to 10% @ NLO 
28% @ NLO with jet veto of 50 GeV 

K factor of K = 1.38 (K = 0.76)  
NLO QCD Corrections 38% (24%) 

Bevilacqua, Czakon, Garzelli, Hameren, Papadopoulos, Pittau, Worek ‘10 (Les Houches 2009) 	


mH = 130 GeV

σLO = (150.375 ± 0.077) fb

σNLO = (207.268 ± 0.150) fb

σveto
NLO = (114.880 ± 0.152) fb
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pp -> ttH -> ttbb @ LHC 	  
  Differential cross section, bb pair, single bottom & top kinematics, LO & NLO	


18	  
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pp -> ttbb @ LHC	

  Integrated cross sections and scale dependence, Permille level agreement !	


19	  

Scale dependence reduced: 
70% @ LO down to 33% @ NLO 
K factor of K = 1.77 
for quarks initial states only K = 1.03 
With jet veto of 50 GeV K = 1.20 

Bevilacqua, Czakon, Papadopoulos, Pittau, Worek ‘09	

Bredenstein, Denner, Dittmaier, Pozzorini ‘08, ‘09	


σLO = (1489.2 ± 0.9) fb

σNLO = (2636 ± 3) fb
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pp -> ttbb @ LHC	  
  Scale dependence graphically 

20	  

Varying scale up or down by a factor 
two changes cross section by  
70% @ LO and by 33% @ NLO  

Scale dependence at NLO decomposed  
into contribution of Virtual Corrections 	

& Real Radiation 	


Bevilacqua, Czakon, Papadopoulos, Pittau, Worek ‘09	
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pp -> ttbb @ LHC	

  Differential cross sections 

  b-jet pair kinematics 
  Invariant mass   
  Transverse momentum  
  Rapidity distribution  

  single b-jet kinematics  
  Transverse momentum  

              LO  &  NLO  

  Relatively small variation  
      compared to the size but  
      shape change important  

21	  
Bevilacqua, Czakon, Papadopoulos, Pittau, Worek ‘09	
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pp -> ttjj @ LHC	

  Scale dependence & integrated cross sections 

23	  

K factor of K = 0.89 (K = 0.64)  
Negative shift of 11% (36%) 

Scale dependence reduced: 
72% @ LO down to 13% @ NLO 
54% @ NLO with jet veto of 50 GeV 

Bevilacqua, Czakon, Papadopoulos, Worek ‘10	


σLO = (120.17 ± 0.08) pb

σNLO = (106.94 ± 0.17) pb

σveto
NLO = (76.58 ± 0.17) pb

Costas G. Papadopoulos (Athens) NLO SLAC 32 / 54



pp -> ttjj @ LHC	

  Differential cross section 

24	  Bevilacqua, Czakon, Papadopoulos, Worek ‘10	


  mjj  size of the corrections  
    transmitted to distributions  
    for low pT, shapes change  
    for hight pT  

  pT of 1st hardest & 2nd hardest jet (ordered in pT)  
    altered shapes up to 39% & 28% in tails  

LO & NLO	
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pp or pp̄ → `+
1 ν`1

`−2 ν̄`2
bb̄

b̄
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Z/γ
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W− ν̄µ

µ−

Figure 1: Representative Feynman diagrams contributing to the leading order process

gg → e+νeµ
−ν̄µbb̄ at O(α2

sα
4), with different off-shell intermediate states: double-, single-,

and non-resonant top quark contributions.

It fully respects gauge invariance and is straightforward to apply. In the amplitude

(at LO and NLO) we simply perform the substitution

(p/ − mt + iǫ)−1 → (p/ − µt + iǫ)−1, µ2
t = m2

t − imtΓt. (2.2)

– 3 –
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pp or pp̄ → `+
1 ν`1

`−2 ν̄`2
bb̄
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g
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µ−

ν̄µ

µ−

ν̄µ

e+

νe

e+

νe

W−

W+

W−

W+

t t

Figure 2: Representative Feynman diagrams contributing to the virtual corrections to the

partonic subprocess gg → e+νeµ
−ν̄µbb̄ at O(α3

sα
4).

arise. When massive particles acquire a complex mass, the soft 1/ǫ-singularities

due to the exchange of gluons, are replaced by factors proportional to log(Γt/mt),

that become singular in the limit Γt → 0. We have explicitly checked that in-

cluding all contributions, factorizable and non-factorizable, the usual cancellation of

– 5 –
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pp or pp̄ → `+
1 ν`1

`−2 ν̄`2
bb̄

Real radiation sub-processes

infrared 1/ǫ2 and 1/ǫ poles between virtual and real corrections, the latter repre-

sented by the I(ǫ)-operator, takes place. This means that a partial cancellation of

log(Γt/mt) terms happens within the virtual corrections alone. Nevertheless loga-

rithmic enhancements remain in the finite part of the virtual corrections and have to

be cancelled by corresponding terms from the real corrections, since they represent

the same soft singularities, dimensionally regularized in the case of on-shell particles.

2.3 The real emission

The generic processes for the real corrections are given by

gg → e+νeµ
−ν̄µbb̄g

qg → e+νeµ
−ν̄µbb̄q

gq → e+νeµ
−ν̄µbb̄q (2.3)

qq̄ → e+νeµ
−ν̄µbb̄g

(where again q stands for up- or down-type quarks) and include all possible contri-

butions of the order of O(α3
sα

4). The complex mass scheme for unstable top quarks

has been implemented in complete analogy to the LO case.

We employ the dipole subtraction formalism [62] to extract the soft and collinear

infrared singularities and to combine them with the virtual corrections. Specifically,

the formulation [63] for massive quarks has been used with the extension to arbitrary

helicity eigenstates of the external partons [42], as implemented in Helac-Dipoles.

In the case at hand, the number of dipoles is as follows: 27 for the process gg →
e+νeµ

−ν̄µbb̄g and 15 for processes qq̄ → e+νeµ
−ν̄µbb̄g, qg → e+νeµ

−ν̄µbb̄q and gq →
e+νeµ

−ν̄µbb̄q. Let us stress at this point, that, similarly to most authors, we do

not use finite dipoles regularizing the quasi-collinear divergence induced by both

top quarks moving in the same direction, even though they are implemented in the

software. Due to the large top quark mass, they do not improve numerical stability.

Besides the cancellation of divergences, which we have mentioned in the previous

section, we have also explored the independence of the results on the unphysical cutoff

in the dipole subtraction phase space (see [42] and references therein for details) to

further check our calculation.

2.4 Phase space generation

In LO calculations, the jet definition consists of a set of phase space cuts not allowing

any parton to become arbitrarily soft, and no pair of partons to become arbitrar-

ily collinear. This changes for the real-radiation contribution in NLO calculations,

for which single partons are allowed to become arbitrarily soft and single pairs of

– 6 –
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pp or pp̄ → `+
1 ν`1

`−2 ν̄`2
bb̄

3.2 Results for the TeVatron run II

We begin our presentation of the final results of our analysis with a discussion of the

total cross section at the central value of the scale, µR = µF = mt at the TeVatron

run II. The respective numbers are presented in Table 1 for the two choices of the

dipole phase space cutoff parameter αmax (see e.g. [42] for more details) and for three

different jet algorithms. At the central scale value, the full cross section receives small

NLO correction of the order of 2.3%.

Subsequently, we turn our attention to the scale dependence for the total cross

section at LO and NLO. The left panel of Figure 3 shows the dependence of the

integrated LO cross section on the renormalization and factorization scales where

µ = µR = µF = ξmt. The variation range is taken from µ = mt/8 to µ = 8mt.

The dependence is large, illustrating the well known fact that the LO prediction

can only provide a rough estimate. At the TeVatron with our cut selection the qq̄

channel dominates the total pp̄ cross section by about 95% followed by the gg channel

with about 5%. In the right panel the scale dependence of the NLO cross section is

shown together with the LO one. As expected, we observe a reduction of the scale

uncertainty while going from LO to NLO. Varying the scale down and up by a factor

2 changes the cross section by +40% and −26% in the LO case, while in the NLO

case we have obtained a variation of the order −8% and −4%. Let us mention here

that while calculating the scale dependence for the NLO cross section we kept ΓNLO
t

fixed independently of the scale choice. The error introduced by this treatment is

however of higher order, and particularly for two scales µ = mt/2 and µ = 2mt

amounts to ±1.5% respectively.

Algorithm σLO [fb] σαmax=1
NLO [fb] σαmax=0.01

NLO [fb]

anti-kT 34.922 ± 0.014 35.705 ± 0.047 35.697 ± 0.049

kT 34.922 ± 0.014 35.727 ± 0.047 35.723 ± 0.049

C/A 34.922 ± 0.014 35.724 ± 0.047 35.746 ± 0.050

Table 1: Integrated cross section at LO and NLO for pp̄ → e+νeµ
−ν̄µbb̄ + X production

at the TeVatron run II with
√

s = 1.96 TeV, for three different jet algorithms, the anti-kT ,

kT and the Cambridge/Aachen jet algorithm. The two NLO results refer to different values

of the dipole phase space cutoff αmax. The scale choice is µR = µF = mt.

In the following we would like to estimate the size of the non-factorizable correc-

tions for our inclusive setup. To achieve this the full result has been compared with

the result in the NWA. The latter has been obtained by rescaling the coupling of

– 10 –
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Figure 3: Scale dependence of the LO cross section with the individual contributions of

the partonic channels (left panel) and scale dependence of the LO and NLO cross sections

(right panel) for the pp̄ → e+νeµ
−ν̄µbb̄ +X process at the TeVatron run II with

√
s = 1.96

TeV, where renormalization and factorization scales are set to the common value µ = µR =

µF = ξmt.

the top quark to the W boson and the b quark by several large factors to mimic the

limit Γt → 0 when the scattering cross section factorizes into on-shell production and

decay. Our findings are depicted in Figure 4 where the dependence of the total NLO

cross section together with its individual contributions, real emission part and LO

plus virtual corrections, are shown. The behavior is compatible with a logarithmic

dependence on Γt, which cancels between real and virtual corrections. For inclu-

sive production, advancing from NWA to the full result changes the cross section no

more than +1% which is consistent with the uncertainty of the NWA i.e. of order

O(Γt/mt).

Comparing our NLO integrated cross section with the value σNLO = 36.47 fb

presented in Ref. [8], we observe a 2% discrepancy, which can easily be explained by

two effects. First of all, in [8] NLO QCD corrections have been calculated employing

an on-shell approximation for the top quarks and the W bosons. The former approx-

imation can introduce a difference of the order of O(Γt/mt) ∼ 1% while the latter

of the order of O(ΓW/mW ) ∼ 3%. As a second effect, there are small differences

between individual setups, in e.g. the value of Γt, mt, pTmiss
and ∆Rjℓ.

We have also compared our results with those generated with Mcfm. We have

been able to use the same cuts and input parameters, but there is an essential

difference as far as the construction of the cross section is concerned. Indeed, Mcfm

includes corrections to the production of on-shell top quarks only, whereas decays are

– 11 –

Costas G. Papadopoulos (Athens) NLO SLAC 36 / 54



pp or pp̄ → `+
1 ν`1

`−2 ν̄`2
bb̄

-0.06

-0.04

-0.02

 0

 0.02

 0.04

 0.06

 0.08

 0.008  0.04  0.2  1

∆σ

ζ   

∆σT

∆σV

∆σR

Figure 4: Dependence of the NLO cross section, σT, (red solid line) and the individual

contributions, the real emission part, σR, (green dashed line) and the LO plus virtual part,

σV, (blue dotted line), on the rescaling parameter ζ defined as Γrescaled = ζΓt for the

pp̄ → e+νeµ
−ν̄µbb̄ + X process at the TeVatron run II with

√
s = 1.96 TeV. ∆σ is defined

as follows: ∆σi(ζ) = (σi(ζ) − σi(ζ = 1))/σT(ζ = 1) with i = V,R, T .

included at leading order. Moreover, W bosons are also treated in the narrow width

approximation. In the end, Mcfm gives the following results σLO = (36.494±0.050)

fb and σNLO = (39.622± 0.065) fb, which are different from ours by 4.5% at LO and

by 11% at NLO. Although we have not quantified the impact of different approaches

used, related to the top quark and the W-boson finite width, as well as the NLO

corrections to the decay of the top quarks, the overall comparison seems reasonable

and compatible with estimates based on the order of magnitude for these effects,

O(Γt/mt), O(ΓW/mW ) and O(αs). A more detailed study would be necessary in

order to establish the relevance of these differences for the experimental analysis,

which goes beyond the purpose of the present publication.

In a next step we recalculate the top quark forward-backward asymmetry for the

TeVatron from the top rapidity distribution. We show our results for the LO and

NLO inclusive calculations. At LO, tt̄ production is totally charge-conjugation sym-

metric for both production mechanisms (quark and gluon fusion). As a consequence,

the angular distributions of the t and t̄ are symmetric with respect to the beam

axis for pp̄ collisions. However, at higher orders in αs, this is not longer true. Not

all processes involving additional partons are symmetric under charge conjugation

with respect to the incoming parton and anti-parton beams. As was pointed out in

Ref. [77–79] the process gg → tt̄g is, but the processes qq̄ → tt̄g and qg → tt̄q are not.

Processes involving initial state valence quarks will therefore exhibit a charge asym-

– 12 –
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Figure 6: Differential cross section distributions as a function of the invariant mass mtt̄

of the top-anti-top pair, rapidity ytt̄ of the top-anti-top pair, averaged transverse momentum

pTt of the top and anti-top and averaged rapidity yt of the top and anti-top for the pp̄ →
e+νeµ

−ν̄µbb̄ + X process at the TeVatron run II. The blue dashed curve corresponds to

the leading order, whereas the red solid one to the next-to-leading order result. The lower

panels display the differential K factor.

total sample. The integrated charge asymmetry is defined through

A =

∫
yt>0

Nt(y) −
∫
yt̄>0

Nt̄(y)∫
yt>0

Nt(y) +
∫
yt̄>0

Nt̄(y)
, (3.3)

where yt (yt̄) is the rapidity of the top (anti-top) quark in the laboratory frame and

Nt(y) = dσtt̄/dyt, Nt̄(y) = dσtt̄/dyt̄. Due to the CP invariance of QCD the rapid-

ity distributions of top and anti-top are mirror images of each other, i.e. Nt̄(y) =

– 14 –
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Figure 7: Differential cross section distributions as a function of the averaged transverse

momentum pTb
of the b-jet and anti-b-jet, averaged rapidity yb of the b-jet and anti-b-

jet and ∆Rbb̄ separation for the pp̄ → e+νeµ
−ν̄µbb̄ + X process at the TeVatron run II.

The blue dashed curve corresponds to the leading order, whereas the red solid one to the

next-to-leading order result. The lower panels display the differential K factor.

Nt(−y), and integrated charge asymmetry is equal to the integrated forward-backward

asymmetry of the top quark defined as

At
FB =

∫
y>0

Nt(y) −
∫
y<0

Nt(y)∫
y>0

Nt(y) +
∫
y<0

Nt(y)
. (3.4)

Moreover, At̄
FB = −At

FB.

As can be seen in the upper-left part of the Figure 5 the LO tt̄ inclusive cross

section is symmetric around yt = 0 (green dashed curve). The NLO inclusive result
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At
FB = 0.051± 0.0013

O. Antunano, J. H. Kuhn and G. Rodrigo, Phys. Rev. D77 (2008) 014003, [arXiv:0709.1652 [hep-ph]].

Ab
FB = 0.033± 0.0013 A`FB = 0.033± 0.0013

W. Bernreuther, A. Brandenburg, Z. G. Si and P. Uwer, Nucl. Phys. B690(2004) 81, [hep-ph/0403035].
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Interface HELAC-NLO with POWHEG

P. Nason, JHEP 0411 (2004) 040, hep-ph/0409146; S. Frixione, P. Nason and C. Oleari, JHEP 0711 (2007) 070,

arXiv:0709.2092; S. Alioli, P. Nason, C. Oleari and E. Re, JHEP 1006 (2010) 043, arXiv:1002.2581

POWHEG plays the role of the driver (phase-space) and HELAC-NLO of
the provider for all needed ingredients, namely all matrix elements

Complexity of the process pp → tt̄+jet

qg→ tt̄q gq→ tt̄q q̄g→ tt̄q̄ gq̄→ tt̄q̄
gg→ tt̄g qq̄→ tt̄g q̄q→ tt̄g

Table 1: Flavour structures of the Born processes, q = u, d, c, s, b.

qg→ tt̄qg qq→ tt̄qq qq̄→ tt̄qq̄
gq→ tt̄qg q̄q̄→ tt̄q̄q̄ q̄q→ tt̄qq̄
q̄g→ tt̄q̄g qq̄→ tt̄gg qq̄→ tt̄q′q̄′

gq̄→ tt̄q̄g q̄q→ tt̄gg q̄q→ tt̄q′q̄′

qq′ → tt̄qq′ qq̄′ → tt̄qq̄′ gg→ tt̄gg
q̄q′ → tt̄q̄q′ q̄q̄′ → tt̄q̄q̄′ gg→ tt̄qq̄

Table 2: Flavour structures of the real-emission processes, q, q′ = u,
d, c, s, b.

TeVatron and the LHC. A more detailed analysis will
be presented elsewhere.

2. Method

The cornerstone of our program is the POWHEG-Box

[12] framework, that uses the FKS subtraction scheme
[14] for the NLO calculation. The POWHEG-Box re-
quires the following input:

• We use the flavour structures given in Tables 1 and
2.

• We generate a Born phase space of a massless and
two massive momenta using two two-particle in-
variants and three angles.

• We use HELAC-Dipoles [15] to calculate all the
tree-level helicity amplitudes for the Born subpro-
cesses t t̄ g g g → 0 and t t̄ q q̄ g → 0 and the real
emission subprocesses t t̄ g g g g → 0, t t̄ q q̄ g g →
0 and t t̄ q q̄ q′ q̄′ → 0. (We define the correspond-
ing crossing symmetric amplitudes for all incom-
ing momenta and cross into the relevant physical
channels.)

• For the colour-correlated squared matrix elements
of the Born subprocesses we use HELAC-Dipoles.

• We use the polarization vectors to project the he-
licity amplitudes to Lorentz basis for writing the
spin-correlated squared matrix elements.

• Finally, we obtain the one-loop corrections to the
Born subprocesses utilizing the HELAC-Oneloop

implementation [2, 16, 17] of unitary-based nu-
merical evaluation of one-loop amplitudes [18, 19,
20, 21, 22, 23, 24, 25].

With this input POWHEG-Box can be used to generate
hadronic events. One may choose any parton shower
(PS) Monte Carlo program for generating parton show-
ers, decays of heavy quarks and hadronization. There
is one important point in choosing the PS. If the order-
ing variable in the shower is different from the trans-
verse momentum of the parton splitting (for instance,
the angular ordered showers in HERWIG), then events
with larger transverse momentum in a subsequent split-
ting than that in the real emission correction must be
discarded. In the case of HERWIG this feature is imple-
mented in the POWHEG-Box package.

3. Checks

In order to ensure the correctness of the calculations
we performed the following checks relevant to any fixed
order calculation at the NLO accuracy:

• Compared the cross section at LO to the predic-
tion of the public code MADGRAPH [26]. In making
our predictions we always used the CTEQ6M PDF
set with 2-loop running αs, taking into account 5
active light quark flavours, with Λ5 = 226 MeV.
In the renormalization of αs the top loop was sub-
tracted from the gluon self-energy at zero momen-
tum. For comparing the predictions at LO, we
set the scales µR = µF = mt = 174 GeV, we
used the selection cut p j

⊥ > 20 GeV, and per-
formed the calculations at the planned LHC energy√

s = 14 TeV. We obtained σLO = (631.6± 1.1) pb
from POWHEG-HELACand σLO = (630.5 ± 0.8) pb
from MADGRAPH.

• Checked the virtual correction obtained from the
HELAC-Oneloop program in several randomly
chosen phase space points to that obtained from the
implementation in the POWHEG-HELAC program.

• Checked in several randomly chosen phase-space
regions that the ratio of the soft- and collinear lim-
its of the real-emission matrix elements and sub-
tractions tend to one in all possible unresolved lim-
its.

There is an important technical issue related to the
way of calculation organized in the POWHEG-Box. The
selection cuts are applied on the events obtained after
hadronization. However, when computing the t t̄ + jet
production cross section at fixed order, the cuts are ap-
plied at the parton level. At LO this means a cut on
the transverse momentum of the only massless parton in
the final state. At NLO the virtual contribution has the
same event configuration as the Born one, but the real

2
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Agreement with MADGRAPH : σLO = 631.6± 1.1 σLO = 630.5± 0.8

Agreement with Melnikov and Schulze(2010), Nucl. Phys. B840 (2010)129–159.

Technical cuts independence

pt.c.
⊥ [GeV] σLO [pb] σNLO [pb]

20 1.583 1.773 ± 0.003
5 1.583 1.780 ± 0.006
1 1.583 1.780 ± 0.010

Table 3: Dependence of the NLO cross section on the technical cut
pt.c.
⊥ .

emission contribution has two massless partons in the
final state, that have to be combined into a jet before the
physical cut can be applied. In the POWHEG-Box such
a separation of the real and virtual contributions is not
possible because the event-generation starts with an un-
derlying Born configuration from which further parton
emissions are generated. In order to make the parton-
level calculation finite, we have to apply a technical cut
on the transverse momentum of the single massless par-
ton in the Born confiuration. With a given set of se-
lection cuts, one has to check that the chosen technical
cut is sufficiently loose such that it does not influence
the physical cross section. Typically we find that for jet
transverse momentum cut of several tens of GeV, a sev-
eral GeV technical cut on the transverse momentum of
the massless parton at Born level is sufficiently loose.

4. Comparison to predictions at NLO

The first calculation of the t t̄ + jet production
cross section was computed by Dittmaier, Uwer and
Weinzierl [27, 28]. In order to further check our pro-
gram, we computed the production cross section at
NLO accuracy using the same physical parameters as
in Ref. [28]. Due to the technical cut mentioned in
the previous section, the POWHEG-HELAC framework is
not optimal for a fixed-order computation, nevertheless
our prediction, σNLO = (1.78 ± 0.01) pb is in agree-
ment with cross section quoted in Ref. [28], σNLO =

(1.791 ± 0.001) pb, within the uncertainty of our inte-
gration. Our prediction is independent of the technical
cut below pt.c.

⊥ . 5 GeV as shown in Table 3.
The production of t t̄ + jet final state at the NLO

accuracy together with decay of the heavy quarks in
the narrow-width approximation has been published re-
cently by Melnikov and Schulze in [29]. In order to
see the effect of the parton shower, we compared the to-
tal cross section as well as some distributions to those
predictions made for collisions at the Tevatron,

√
s =

1.96 TeV, valid at the NLO accuracy. We generated one
million events with the POWHEG-Box, which were show-
ered with PYTHIA-6.4.21 [30] and HERWIG-6.5.10 [31]

subsequently. For the comparison, we used the semilep-
tonic decay channel and the same parameters and se-
lection cuts as in Ref. [29]: (i) mass of the top quark
mt = 172 GeV; all other Standard Model parameters as
implemented in the PS programs, (ii) CTEQ6M parton
distributions, (iii) k⊥-clustering algorithm with R = 0.5
and four-momentum recombination scheme [32], (iv)
µR = µF = mt, (v) p`

+

⊥ > 20 GeV, (vi) Emiss
⊥ > 20 GeV,

(vii) p j
⊥ > 20 GeV, (viii) |y j| < 2, (ix) minimum five

jets, (x) and H⊥ > 220 GeV, where H⊥ is the scalar sum
of transverse momenta in the event,

H⊥ = p`
+

⊥ + Emiss
⊥ +

∑

j

p j
⊥ . (1)

In addition, if the final state after these selection cuts
contained a lepton, we rejected the event if the trans-
verse momentum of this lepton was above 20 GeV. This
latter requirement is not needed in a fixed order cal-
culation, but necessary in ours to select the semilep-
tonic channel. The technical cut was chosen to pt.c.

⊥ =

5 GeV. With these cuts we obtained the cross section
σNLO+PS = 147 fb from POWHEG-HELAC+PYTHIA and
σNLO+PS = 122 fb from POWHEG-HELAC+HERWIG. The
difference of these values shows that the the number of
events that remain after the selection cuts in each case
is quite sensitive to the shower. Furthermore, we find a
rather significant difference with respect to the fixed-
order prediction σNLO = 33.6 fb quoted in Ref. [29].
Our understanding of this phenomenon relies on the fact
that the selection procedure of a final state is inherently
different in a parton shower approach with respect to a
fixed order calculation. We have checked, nevertheless,
that only the rates and not the shapes of the distributions
are influenced, for instance when, by tracing back the
history of the parton shower, we demand at least two of
the jets to be b-quark-initiated jets (b-tagging). Since
such an extra selection criterion decreases the statis-
tics, we ignore it in the following. Moreover, having
checked that the shapes of the distributions are mostly
independent of these effects and in order to compare the
NLO+PS and NLO predictions for the distributions in a
meaningful way, we present them normalised to one.

In Figs. 1 and 2 we compare the transverse momen-
tum and rapidity distributions of the antilepton. On
all of our plots the errorbars correspond to the statis-
tical uncertainty of the set of one million events. The
lower panels show the ratio of the NLO+PS predictions
to the fixed-order one. We observe on these plots the
general feature that the transverse momentum distribu-
tions of all predictions are very similar, with NLO giv-
ing slightly harder spectrum. The leptons are slightly

3
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Figure 1: Transverse momentum distribution of the antilepton.
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Figure 2: Rapidity distribution of the antilepton.

more central if the parton shower is added, but the ver-
sions of the PS does not influence the rapidity distribu-
tion. We attribute the difference to the parton shower.
In Figs. 3 and 4 we compare the transverse momentum
and rapidity distributions of the fifth hardest jet, and we
can draw similar conclusions. These plots clearly show
the importance of parton showers. There are certain re-
gions in the phase space, where even a NLO accuracy is
insufficient.

We find more differences in the comparison of the
H⊥-distributions in Fig. 5. While the NLO+PS predic-
tions differ noticably only near threshold, they differ sig-
nificantly from the fixed-order prediction. The effect
of the shower makes the distribution softer, readily un-
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Figure 3: Transverse momentum distribution of the 5th hardest jet.
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Figure 4: Rapidity distribution of the 5th hardest jet.

derstood as the effect of unclustered soft hadrons in the
event, that appear only in the shower.

5. Predictions for the LHC

We now turn our attention to the LHC and make some
predictions for the inclusive t t̄ + jet production at the
low-energy run,

√
s = 7 TeV in the dileptonic final state

channel. We apply the following selection criteria: (i)
at least three jets are reconstructed with the anti-k⊥-
clustering algorithm with R = 0.5 and four-momentum
recombination scheme [33], (ii) p j

⊥ > 30 GeV, (iii)
|y j| < 2.5, (iv) Emiss

⊥ > 30 GeV for e+e− and µ+µ− pairs,
while Emiss

⊥ > 20 GeV for e±µ∓ pairs, (v) p`
−
⊥ > 20 GeV.

4
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10
-4

2

5

10
-3

2

5

10
-2

2

0.0
0.5
1.0
1.5

200 250 300 350 400 450 500 550 600 650 700

1 σ
d
σ

d
H
⊥

mt = 172GeV
p⊥, jet, p⊥, `+ > 20GeV
/E⊥ > 20GeV , R = 0.5
H⊥ > 220GeV ,#jets ≥ 5

√
s = 1.96TeV NLO+PYTHIA

NLO+HERWIG
NLO

R
at
io

H⊥ [GeV]

Figure 5: Distribution of the scalar sum of transverse momenta.

For default scales we used two different choices: (i) the
mass of the t-quark, mt, and (ii) the transverse mass of
the harder top, µR = µF = m⊥, where

m⊥ =

√
m2

t + max{p2
t⊥, p2

t̄⊥} . (2)

We expect that the latter scale better interpolates be-
tween near-threshold and very hard events.

In Fig. 6 we plot the transverse momentum distri-
butions of the hardest, second hardest and third hard-
est jet. We observe that the normalised distributions,
which characterize the shape, are rather robust against
the choice of the default scale. This is also true for the
scale variations, but we shall discuss those in a separate
publication in more detail. The p⊥ spectra are also in-
sensitive to the version of the parton shower. The same
features are also true for the lepton rapidity distribution
(Fig. 7), but not for the transeverse momentum distri-
bution (see Fig. 8). For instance, the NLO+HERWIG
prediction is significantly softer for the transverse mo-
mentum distribution of the lepton, while the prediction
with the µ = mt scale choice is slightly harder than that
with µ = m⊥.

Finally, we plot the lepton invariant mass distribution
in Fig. 9. For 150 GeV . M`+`− the NLO+PYTHIA
prediction is about twice as large as the NLO+HERWIG
one. This difference is much larger than the dependence
on the default scale, that appears rather minor also for
the normalised distribution of this observable.
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Figure 6: Transverse momentum distributions of the first, second and
third hardest jet.

6. Conclusions

In this paper we interfaced the POWHEG-Box with
the HELAC framework to perform NLO calculations
matched with parton showers and hadronization in a
quite general and semi-automatic way. The latter means
that the necessary ingredients for the POWHEG-Box can
be taken from the HELAC framework without any further
computations. We presented the feasibility with a non-
trivial process, namely inclusive t t̄ + jet production and
decay, and we found reliable results. We employed de-
cays as implemented in standard PS Monte Carlo pro-
grams. We leave the extension to decays included in the
hard matrix elements for a future study.

We emphasize that the necessary virtual emission was
calculated by a general numerical method which can be
used for further processes. Due to the general nature of
our framework including further processes is feasible.

Using the POWHEG-HELAC framework we produce
several million unweighted events at the hadron level
readily available for analysis. These events can be used
to produce distributions that are correct at NLO accu-
racy when expanded in the strong coupling.

In preparing this letter we learnt about a similar work
in progress by Alioli, Moch and Uwer, presented at the
Heavy particles at the LHC workshop, Zurich, January
5–7, 2011.

This research was supported by the HEPTOOLS
network, the LHCPhenoNet network PITN-GA-2010-
264564, the Swiss National Science Foundation Joint
Research Project SCOPES IZ73Z0 1/28079, and the
TÁMOP 4.2.1./B-09/1/KONV-2010-0007 project. We
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NLO software

Automatizing NLO calculations

PV and in-house codes, based on FORMCALC, FEYNARTS, LOOPTOOLS and
GOLEM

BLACKHAT+SHERPA collaboration: QCD+EWK bosons, massless color
partons; CS-dipole

Rockect QCD processes, basically gluons + in-house real radiation
corrections - MCFM

HELAC-NLO: CuTtools, HELAC-1LOOP, HELAC-DIPOLES, OneLOop, PHEGAS,
KALEU: all NLO-QCD

Newcomers: GoSam, OpenLoops, RECOLA, MadLoop, MadFKS, aMC@NLO, ...
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