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Motivation

I Boson discovered by Atlas and CMS ! Higgs?
I Need to determine properties:

spin, CP properties, couplings
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Motivation for NLO

Higgs plus jet at NNLO

[Boughezal et al. (2013)]

Top pair production at NNLO

[Czakon, Fiedler, Mitov (2013)]

I Reduce theoretical error
I Strong dependence on renormalization and factorization scale

I Development of more general framework for NLO automation
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NLO cross section
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I NLO cross section consists of:

I Leading Order: Born diagram

I Virtual corrections: loop diagrams

I Real corrections: Radiation

I Subtraction terms to regulate infinities

 GoSam provides this part
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GoSam
The GoSam collaboration:
G. Cullen, HvD, N. Greiner, G. Heinrich, G. Luisoni, P. Mastrolia, E. Mirabella,
G. Ossola, T. Peraro, J. Reichel, J. Schlenk, J.F. von Soden-Fraunhofen,
F. Tramontano

New Methods for Scattering
Amplitudes in Gauge Theories

Abstract

Scattering amplitudes in Quantum Field Theories are ana-
lytic functions of the kinematic variables of the interacting
particles, thus they are determined by the structure of their
singularities. The singularity structure can be accessed by
graph techniques, representing the on-shellness conditions
on the propagating particles by cut-diagrams. At a given or-
der in perturbation theory, a generic amplitude can be de-
composed as a linear combination of independent rational,
irrational, or transcendental functions of the kinematic pa-
rameters.
Unitarity cuts can be viewed as projectors, which isolate
each function through its analytic structure.
This idea found its most suitable accommodation within the
integrand-reduction methods. With these techniques any
amplitude is expressed in terms of independent loop inte-
grals by performing (and integrating) the decomposition of
the corresponding integrand. They rely on the existence
of an integrand decomposition master formula, expressing
the integrand of a given Feynman integral as a combina-
tion of (products of) its denominators, multiplied by polyno-
mial coefficients. The key concept of the interplay between
on-shell techniques and integrand reduction is the identifi-
cation of the polynomial coefficients entering the integrand
decomposition as the residues at the multiple-cuts of the
graph. The decomposition of scattering amplitudes is then
reduced to the simpler algebraic problem of determining the
residues at its multiple cuts.

1. Introduction

Generic �-loop integral is

Mn =

�
ddq1 . . . ddq� Ii

1

...in, Ii
1

...in �
Ni

1

...in

Di
1

. . . Din

• The numerator Ni
1

...in � polynomial in qi

• The denominators Di � (quadratic) polynomial in qi

The integrand-reduction method leads to:

Ii
1

...in =
�i

1

···in
Di

1

. . . Din
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�ik
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+ ��.

• The residues �j
1

...jn
� polynomial in qi

– topology-dependent parametric form (independent of
the numerators)

– the coefficients of the parametrization are process-
dependent

Integrand-reduction via multivariate division:
• Trade (q1, . . . , q�) with their coordinates z � (z1, . . . , zm)

• Define the Ideal

I � �Di
1

, . . . , Din� =

�
�
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�

j

hj(z)Dij(z)

�
�

� ,

– p(z) and hj(z) � multivariate polynomial in z

• Take a Gröbner basis GI of I

GI = {g1, . . . , gs} such that I = �g1, . . . , gs�

• Perform the multivariate division Ni
1

...in/GI
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�
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– remainder of the division � residue of Di
1

, . . . , Din
– recursive relation for the integrand decomposition

Two approaches to integrand reduction:
• Fit-on-the-cut approach

– use generic Ns to get the parametric form of the �’s
– determine the coefficients sampling on the cuts

• Divide-and-Conquer approach
– generate the N of the process
– compute the residues iteratively
– no multiple-cut solutions needed

From integrand to integral by integrating:
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• spurious terms vanish upon integration
• other terms leads to Master Integrals (MI’s)

2. The One-Loop case

The d-dimensional decomposition is:

From Amplitudes to observables:

• (NLO event generator) = (GoSam) + (Monte Carlo)
• Interface GoSam – Monte Carlo:

– via Binoth Les Houches Accord
– implemented in the case of Sherpa and PowHeg.

Integrand reduction via Laurent expansion:
• Uses asymptotic limits to simplify the reconstruction
• Main features:

– fewer coefficients have to be determined
– the subtraction works at the coefficient level

� faster and more stable algorithm
• Implemented in the C++ library Ninja

– semi-numerical implementation via polynomial division
– interfaced with the GoSam package

• Application: p p ! t t̄ H + 1 jet
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Integrand reduction and higher rank numerators:
• Higgs production via gluon fusion

– in the mt ! 1 limit

– leads to integrands with rank = (# denominators) +1
• Extension of the algorithm

– new coefficients enter the residues �j
1

···jk

– extended sampling implemented in Samurai
– extended Laurent expansion implemented in Ninja

• Application: p p ! H + 2 jets

• Application: p p ! H + 3 jets
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3. Higher-loops extension

Maximum Cut Theorem
• Maximum Cut : cut constraining all the qis

– Assumption: ns non-degenerate solutions

Theorem The residue is parametrized by ns coefficients
Theorem It exists an univariate polynomial representation
• Examples

N = 4 SYM, N = 8 SUGRA

• Fit-on-the-cut approach

• Unitarity-based construction of the integrand

• Illustrative example:

Photon self-energy at two loops

• Divide-and-conquer approach

• d-dimensional rank-four numerators

• Massive particle in the loop

• Reduction in presence of higher powers of propagators
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the GoSam framework

Reduction algorithms within GoSam

The GoSam collaboration:

G. Cullen, HvD, N. Greiner, G. Heinrich, G. Luisoni, P. Mastrolia, E. Mirabella, G. Ossola,

T. Peraro, J. Reichel, J. Schlenk, J.F. von Soden-Fraunhofen, F. Tramontano

Several Options for the Virtual Part:

Samurai
d�dimensional Integrand-Level Reduction ! Current default

Automated Model-independent Computation of the full Rational Term
Mastrolia, Ossola, Reiter, Tramontano

Golem95
Tensorial Reduction ! Rescue System

Binoth, Guillet, Heinrich, Pilon, Reiter

Ninja ! Talk of T. Peraro
Integrand-Level Reduction + Laurent Expansion ! Stable and Fast!!

Mastrolia, Mirabella, Peraro
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Binoth Les Houches Accord

“Update of the Binoth Les Houches Accord for a standard interface between Monte
Carlo tools and one-loop programs”, arXiv: 1308.3462

[Alioli, Badger, ..., HvD, ... et al. (2013)]
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Interfaces with external MC

I GoSam + MadGraph+MadDipole+MadEvent

! ad-hoc interface [Greiner]

I GoSam + Sherpa
! via BLHA

I GoSam + POWHEG
! via BLHA [Luisoni, Nason, Oleari, Tramontano]

I GoSam + HERWIG
! work in progress [Greiner, Heinrich, von Soden-Fraunhofen]

I GoSam + AMC@NLO
! work in progress
[HvD, Frederix, Frixione, Hirschi, Luisoni, Mastrolia, Ossola, Peraro]
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Scattering amplitudes at one-loop
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I computation of Mn ! computation of coefficients
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Integral to Integrand
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Determining the parametric form of the numerator

An =
X

ijklm

�ijklm(q, µ2)

DiDjDkDlDm
+
X

ijkl

�ijkl(q, µ2)

DiDjDkDl
+
X

ijk

�ijk(q, µ2)

DiDjDk
+
X

ij

�ij(q, µ2)

DiDj
+
X

i

�i(q, µ2)

Di

I Form residues process independent
I Values of coefficients process dependent
I Implemented in Samurai

[Ossola, Reiter, Tramontano, Mastrolia, 2010]
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Rankcounting, normal rank

N / qN / 1
N / q

N / 1

N / 1

N / 1

I Only q propagators and 3-gluon-vertices contribute one
power of q to numerator

I rN  #D
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Integrand decomposition algorithm

2.2.2 Quintuple Cut

The residue of the quintuple-cut, D̄i = . . . = D̄m = 0, defined as,

�ijk�m(q̄) = Resijk�m

�
N(q̄)

D̄0 · · · D̄n�1

�
(2.11)

can be parametrized as [99],

�ijk�m(q̄) = c(ijk�m)
5,0 µ2 . (2.12)

2.2.3 Quadruple Cut

The residue of the quadruple-cut, D̄i = . . . = D̄� = 0, defined as,

�ijk�(q̄) = Resijk�

�
N(q̄)

D̄0 · · · D̄n�1
�

n�1�

i<<m

�ijk�m(q̄)

D̄iD̄jD̄kD̄�D̄m

�
(2.13)

is parametrized as,

�ijk�(q̄)=c(ijk�)
4,0 + c(ijk�)

4,2 µ2 + c(ijk�)
4,4 µ4 +

+
�
c(ijk�)
4,1 + c(ijk�)

4,3 µ2
��

(K3 · e4)(q + p0) · e3 � (K3 · e3)(q + p0) · e4

�
=

=c(ijk�)
4,0 + c(ijk�)

4,2 µ2 + c(ijk�)
4,4 µ4 �

�
c(ijk�)
4,1 + c(ijk�)

4,3 µ2
��

(K3 · e4)x4 � (K3 · e3)x3

�
(e1 · e2) ,

(2.14)

where K3 is the third leg of the 4-point function associated to the considered quadruple-cut.

2.2.4 Triple Cut

The residue of the triple-cut, D̄i = D̄j = D̄k = 0, defined as,

�ijk(q̄) = Resijk

�
N(q̄)

D̄0 · · · D̄n�1
�

n�1�

i<<m

�ijk�m(q̄)

D̄iD̄jD̄kD̄�D̄m
�

n�1�

i<<�

�ijk�(q̄)

D̄iD̄jD̄kD̄�

�
(2.15)

is parametrized as,

�ijk(q̄) = c(ijk)
3,0 + c(ijk)

3,7 µ2 +

+ c(ijk)
3,1 (q + p0) · e3 + c(ijk)

3,2 ((q + p0) · e3)
2 + c(ijk)

3,3 ((q + p0) · e3)
3 +

+ c(ijk)
3,4 (q + p0) · e4 + c(ijk)

3,5 ((q + p0) · e4)
2 + c(ijk)

3,6 ((q + p0) · e4)
3 =

= c(ijk)
3,0 + c(ijk)

3,7 µ2 �
�
c(ijk)
3,1 x4 + c(ijk)

3,4 x3

�
(e1 · e2) +

+
�
c(ijk)
3,2 x2

4 + c(ijk)
3,5 x2

3

�
(e1 · e2)

2 �
�
c(ijk)
3,3 x3

4 + c(ijk)
3,6 x3

3

�
(e1 · e2)

3 . (2.16)

– 7 –

1 coefficient
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2.2.5 Double Cut

The residue of the double-cut, D̄i = D̄j = 0, defined as,

�ij(q̄) = Resij

�
N(q̄)

D̄0 · · · D̄n�1
�

n�1�

i<<m

�ijk�m(q̄)

D̄iD̄jD̄kD̄�D̄m
�

n�1�

i<<�

�ijk�(q̄)

D̄iD̄jD̄kD̄�
�

n�1�

i<<k

�ijk(q̄)

D̄iD̄jD̄k

�
, (2.17)

can be interpolated by the following form,

�ij(q̄) = c(ij)
2,0 + c(ij)

2,9 µ2 +

+ c(ij)
2,1 (q + p0) · e2 + c(ij)

2,2 ((q + p0) · e2)
2 +

+ c(ij)
2,3 (q + p0) · e3 + c(ij)

2,4 ((q + p0) · e3)
2 +

+ c(ij)
2,5 (q + p0) · e4 + c(ij)

2,6 ((q + p0) · e4)
2 +

+ c(ij)
2,7 ((q + p0) · e2)((q + p0) · e3) + c(ij)

2,8 ((q + p0) · e2)((q + p0) · e4) =

= c(ij)
2,0 + c(ij)

2,9 µ2 +
�
c(ij)
2,1 x1 � c(ij)

2,3 x4 � c(ij)
2,5 x3

�
(e1 · e2) +

+
�
c(ij)
2,2 x2

1 + c(ij)
2,4 x2

4 + c(ij)
2,6 x2

3 � c(ij)
2,7 x1x4 � c(ij)

2,8 x1x3

�
(e1 · e2)

2 . (2.18)

2.2.6 Single Cut

The residue of the single-cut, D̄i = 0, defined as,

�i(q̄) = Resi

�
N(q̄)

D̄0 · · · D̄n�1
�

n�1�

i<<m

�ijk�m(q̄)

D̄iD̄jD̄kD̄�D̄m
�

n�1�

i<<�

�ijk�(q̄)

D̄iD̄jD̄kD̄�
+

�
n�1�

i<<k

�ijk(q̄)

D̄iD̄jD̄k
�

n�1�

i<j

�ij(q̄)

D̄iD̄j

�
(2.19)

can be interpolated as follows,

�i(q̄) = c(i)
1,0 + c(i)

1,1((q + p0) · e1) + c(i)
1,2((q + p0) · e2) +

+ c(i)
1,3((q + p0) · e3) + c(i)

1,4((q + p0) · e4) =

= c(i)
1,0 +

�
c(i)
1,1x2 + c(i)

1,2x1 � c(i)
1,3x4 � c(i)

1,4x3

�
(e1 · e2) . (2.20)

2.2.7 Discrete Fourier Transform

As proposed in [94], the coe�cients of a polynomial of degree n in the variable x, say P (x),

defined as,

P (x) =
n�

�=0

c� x� , (2.21)

can be extracted by means of projections, according to the the Discrete Fourier Transform.

The basic procedure is very simple:
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3 . (2.16)
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2.2.5 Double Cut

The residue of the double-cut, D̄i = D̄j = 0, defined as,
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�
N(q̄)

D̄0 · · · D̄n�1
�

n�1�
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D̄iD̄jD̄kD̄�D̄m
�

n�1�

i<<�
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�

n�1�
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D̄iD̄jD̄k

�
, (2.17)

can be interpolated by the following form,
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+ c(ij)
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+ c(ij)
2,5 (q + p0) · e4 + c(ij)
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+ c(ij)
2,7 ((q + p0) · e2)((q + p0) · e3) + c(ij)
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= c(ij)
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�
c(ij)
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�
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�
c(ij)
2,2 x2
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3 � c(ij)
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�
(e1 · e2)

2 . (2.18)

2.2.6 Single Cut
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�
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�
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can be interpolated as follows,
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�
c(i)
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1,3x4 � c(i)

1,4x3

�
(e1 · e2) . (2.20)

2.2.7 Discrete Fourier Transform

As proposed in [94], the coe�cients of a polynomial of degree n in the variable x, say P (x),

defined as,

P (x) =
n�

�=0

c� x� , (2.21)

can be extracted by means of projections, according to the the Discrete Fourier Transform.

The basic procedure is very simple:
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2.2.2 Quintuple Cut

The residue of the quintuple-cut, D̄i = . . . = D̄m = 0, defined as,

�ijk�m(q̄) = Resijk�m

�
N(q̄)

D̄0 · · · D̄n�1

�
(2.11)

can be parametrized as [99],

�ijk�m(q̄) = c(ijk�m)
5,0 µ2 . (2.12)

2.2.3 Quadruple Cut

The residue of the quadruple-cut, D̄i = . . . = D̄� = 0, defined as,

�ijk�(q̄) = Resijk�

�
N(q̄)

D̄0 · · · D̄n�1
�

n�1�

i<<m

�ijk�m(q̄)

D̄iD̄jD̄kD̄�D̄m

�
(2.13)

is parametrized as,

�ijk�(q̄)=c(ijk�)
4,0 + c(ijk�)

4,2 µ2 + c(ijk�)
4,4 µ4 +

+
�
c(ijk�)
4,1 + c(ijk�)

4,3 µ2
��

(K3 · e4)(q + p0) · e3 � (K3 · e3)(q + p0) · e4

�
=

=c(ijk�)
4,0 + c(ijk�)

4,2 µ2 + c(ijk�)
4,4 µ4 �

�
c(ijk�)
4,1 + c(ijk�)

4,3 µ2
��

(K3 · e4)x4 � (K3 · e3)x3

�
(e1 · e2) ,

(2.14)

where K3 is the third leg of the 4-point function associated to the considered quadruple-cut.

2.2.4 Triple Cut

The residue of the triple-cut, D̄i = D̄j = D̄k = 0, defined as,

�ijk(q̄) = Resijk

�
N(q̄)

D̄0 · · · D̄n�1
�

n�1�

i<<m

�ijk�m(q̄)

D̄iD̄jD̄kD̄�D̄m
�

n�1�

i<<�

�ijk�(q̄)

D̄iD̄jD̄kD̄�

�
(2.15)

is parametrized as,

�ijk(q̄) = c(ijk)
3,0 + c(ijk)

3,7 µ2 +

+ c(ijk)
3,1 (q + p0) · e3 + c(ijk)

3,2 ((q + p0) · e3)
2 + c(ijk)

3,3 ((q + p0) · e3)
3 +

+ c(ijk)
3,4 (q + p0) · e4 + c(ijk)

3,5 ((q + p0) · e4)
2 + c(ijk)

3,6 ((q + p0) · e4)
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= c(ijk)
3,0 + c(ijk)
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�
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3,1 x4 + c(ijk)

3,4 x3

�
(e1 · e2) +

+
�
c(ijk)
3,2 x2

4 + c(ijk)
3,5 x2

3

�
(e1 · e2)

2 �
�
c(ijk)
3,3 x3

4 + c(ijk)
3,6 x3

3

�
(e1 · e2)

3 . (2.16)
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2.2.5 Double Cut

The residue of the double-cut, D̄i = D̄j = 0, defined as,
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�
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can be interpolated by the following form,

�ij(q̄) = c(ij)
2,0 + c(ij)

2,9 µ2 +

+ c(ij)
2,1 (q + p0) · e2 + c(ij)

2,2 ((q + p0) · e2)
2 +

+ c(ij)
2,3 (q + p0) · e3 + c(ij)

2,4 ((q + p0) · e3)
2 +

+ c(ij)
2,5 (q + p0) · e4 + c(ij)

2,6 ((q + p0) · e4)
2 +

+ c(ij)
2,7 ((q + p0) · e2)((q + p0) · e3) + c(ij)

2,8 ((q + p0) · e2)((q + p0) · e4) =

= c(ij)
2,0 + c(ij)

2,9 µ2 +
�
c(ij)
2,1 x1 � c(ij)

2,3 x4 � c(ij)
2,5 x3

�
(e1 · e2) +

+
�
c(ij)
2,2 x2

1 + c(ij)
2,4 x2

4 + c(ij)
2,6 x2

3 � c(ij)
2,7 x1x4 � c(ij)

2,8 x1x3

�
(e1 · e2)

2 . (2.18)

2.2.6 Single Cut

The residue of the single-cut, D̄i = 0, defined as,

�i(q̄) = Resi

�
N(q̄)

D̄0 · · · D̄n�1
�

n�1�

i<<m

�ijk�m(q̄)

D̄iD̄jD̄kD̄�D̄m
�

n�1�

i<<�

�ijk�(q̄)

D̄iD̄jD̄kD̄�
+

�
n�1�

i<<k

�ijk(q̄)

D̄iD̄jD̄k
�

n�1�

i<j

�ij(q̄)

D̄iD̄j

�
(2.19)

can be interpolated as follows,

�i(q̄) = c(i)
1,0 + c(i)

1,1((q + p0) · e1) + c(i)
1,2((q + p0) · e2) +

+ c(i)
1,3((q + p0) · e3) + c(i)

1,4((q + p0) · e4) =

= c(i)
1,0 +

�
c(i)
1,1x2 + c(i)

1,2x1 � c(i)
1,3x4 � c(i)

1,4x3

�
(e1 · e2) . (2.20)

2.2.7 Discrete Fourier Transform

As proposed in [94], the coe�cients of a polynomial of degree n in the variable x, say P (x),

defined as,

P (x) =
n�

�=0

c� x� , (2.21)

can be extracted by means of projections, according to the the Discrete Fourier Transform.

The basic procedure is very simple:
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�
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can be interpolated as follows,
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Extended rank Integrand decomposition algorithm
2.2.2 Quintuple Cut

The residue of the quintuple-cut, D̄i = . . . = D̄m = 0, defined as,

�ijk�m(q̄) = Resijk�m

�
N(q̄)

D̄0 · · · D̄n�1

�
(2.11)

can be parametrized as [99],

�ijk�m(q̄) = c(ijk�m)
5,0 µ2 . (2.12)

2.2.3 Quadruple Cut

The residue of the quadruple-cut, D̄i = . . . = D̄� = 0, defined as,

�ijk�(q̄) = Resijk�

�
N(q̄)

D̄0 · · · D̄n�1
�

n�1�

i<<m

�ijk�m(q̄)

D̄iD̄jD̄kD̄�D̄m

�
(2.13)

is parametrized as,

�ijk�(q̄)=c(ijk�)
4,0 + c(ijk�)

4,2 µ2 + c(ijk�)
4,4 µ4 +

+
�
c(ijk�)
4,1 + c(ijk�)

4,3 µ2
��

(K3 · e4)(q + p0) · e3 � (K3 · e3)(q + p0) · e4

�
=

=c(ijk�)
4,0 + c(ijk�)

4,2 µ2 + c(ijk�)
4,4 µ4 �

�
c(ijk�)
4,1 + c(ijk�)

4,3 µ2
��

(K3 · e4)x4 � (K3 · e3)x3

�
(e1 · e2) ,

(2.14)

where K3 is the third leg of the 4-point function associated to the considered quadruple-cut.

2.2.4 Triple Cut

The residue of the triple-cut, D̄i = D̄j = D̄k = 0, defined as,

�ijk(q̄) = Resijk

�
N(q̄)

D̄0 · · · D̄n�1
�

n�1�

i<<m

�ijk�m(q̄)

D̄iD̄jD̄kD̄�D̄m
�

n�1�

i<<�

�ijk�(q̄)

D̄iD̄jD̄kD̄�

�
(2.15)

is parametrized as,

�ijk(q̄) = c(ijk)
3,0 + c(ijk)

3,7 µ2 +

+ c(ijk)
3,1 (q + p0) · e3 + c(ijk)

3,2 ((q + p0) · e3)
2 + c(ijk)

3,3 ((q + p0) · e3)
3 +

+ c(ijk)
3,4 (q + p0) · e4 + c(ijk)

3,5 ((q + p0) · e4)
2 + c(ijk)

3,6 ((q + p0) · e4)
3 =

= c(ijk)
3,0 + c(ijk)

3,7 µ2 �
�
c(ijk)
3,1 x4 + c(ijk)

3,4 x3

�
(e1 · e2) +

+
�
c(ijk)
3,2 x2

4 + c(ijk)
3,5 x2

3

�
(e1 · e2)

2 �
�
c(ijk)
3,3 x3

4 + c(ijk)
3,6 x3

3

�
(e1 · e2)

3 . (2.16)
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2.2.2 Quintuple Cut

The residue of the quintuple-cut, D̄i = . . . = D̄m = 0, defined as,

�ijk�m(q̄) = Resijk�m

�
N(q̄)

D̄0 · · · D̄n�1

�
(2.11)

can be parametrized as [99],

�ijk�m(q̄) = c(ijk�m)
5,0 µ2 . (2.12)

2.2.3 Quadruple Cut

The residue of the quadruple-cut, D̄i = . . . = D̄� = 0, defined as,

�ijk�(q̄) = Resijk�

�
N(q̄)

D̄0 · · · D̄n�1
�

n�1�

i<<m

�ijk�m(q̄)

D̄iD̄jD̄kD̄�D̄m

�
(2.13)

is parametrized as,

�ijk�(q̄)=c(ijk�)
4,0 + c(ijk�)

4,2 µ2 + c(ijk�)
4,4 µ4 +

+
�
c(ijk�)
4,1 + c(ijk�)

4,3 µ2
��

(K3 · e4)(q + p0) · e3 � (K3 · e3)(q + p0) · e4

�
=

=c(ijk�)
4,0 + c(ijk�)

4,2 µ2 + c(ijk�)
4,4 µ4 �

�
c(ijk�)
4,1 + c(ijk�)

4,3 µ2
��

(K3 · e4)x4 � (K3 · e3)x3

�
(e1 · e2) ,

(2.14)

where K3 is the third leg of the 4-point function associated to the considered quadruple-cut.

2.2.4 Triple Cut

The residue of the triple-cut, D̄i = D̄j = D̄k = 0, defined as,

�ijk(q̄) = Resijk

�
N(q̄)

D̄0 · · · D̄n�1
�

n�1�

i<<m

�ijk�m(q̄)

D̄iD̄jD̄kD̄�D̄m
�

n�1�

i<<�

�ijk�(q̄)

D̄iD̄jD̄kD̄�

�
(2.15)

is parametrized as,

�ijk(q̄) = c(ijk)
3,0 + c(ijk)

3,7 µ2 +

+ c(ijk)
3,1 (q + p0) · e3 + c(ijk)

3,2 ((q + p0) · e3)
2 + c(ijk)

3,3 ((q + p0) · e3)
3 +

+ c(ijk)
3,4 (q + p0) · e4 + c(ijk)

3,5 ((q + p0) · e4)
2 + c(ijk)

3,6 ((q + p0) · e4)
3 =

= c(ijk)
3,0 + c(ijk)

3,7 µ2 �
�
c(ijk)
3,1 x4 + c(ijk)

3,4 x3

�
(e1 · e2) +

+
�
c(ijk)
3,2 x2

4 + c(ijk)
3,5 x2

3

�
(e1 · e2)

2 �
�
c(ijk)
3,3 x3

4 + c(ijk)
3,6 x3

3

�
(e1 · e2)

3 . (2.16)

– 7 –

5!6 coefficients
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where K3 is the third leg of the 4-point function associated to the considered quadruple-cut.
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10!15 coefficients

2.2.5 Double Cut

The residue of the double-cut, D̄i = D̄j = 0, defined as,

�ij(q̄) = Resij

�
N(q̄)

D̄0 · · · D̄n�1
�

n�1�

i<<m

�ijk�m(q̄)

D̄iD̄jD̄kD̄�D̄m
�

n�1�

i<<�

�ijk�(q̄)

D̄iD̄jD̄kD̄�
�

n�1�

i<<k

�ijk(q̄)

D̄iD̄jD̄k

�
, (2.17)

can be interpolated by the following form,

�ij(q̄) = c(ij)
2,0 + c(ij)

2,9 µ2 +

+ c(ij)
2,1 (q + p0) · e2 + c(ij)

2,2 ((q + p0) · e2)
2 +

+ c(ij)
2,3 (q + p0) · e3 + c(ij)

2,4 ((q + p0) · e3)
2 +

+ c(ij)
2,5 (q + p0) · e4 + c(ij)

2,6 ((q + p0) · e4)
2 +

+ c(ij)
2,7 ((q + p0) · e2)((q + p0) · e3) + c(ij)

2,8 ((q + p0) · e2)((q + p0) · e4) =

= c(ij)
2,0 + c(ij)

2,9 µ2 +
�
c(ij)
2,1 x1 � c(ij)

2,3 x4 � c(ij)
2,5 x3

�
(e1 · e2) +

+
�
c(ij)
2,2 x2

1 + c(ij)
2,4 x2

4 + c(ij)
2,6 x2

3 � c(ij)
2,7 x1x4 � c(ij)

2,8 x1x3

�
(e1 · e2)

2 . (2.18)

2.2.6 Single Cut

The residue of the single-cut, D̄i = 0, defined as,

�i(q̄) = Resi

�
N(q̄)

D̄0 · · · D̄n�1
�

n�1�

i<<m

�ijk�m(q̄)

D̄iD̄jD̄kD̄�D̄m
�

n�1�

i<<�

�ijk�(q̄)

D̄iD̄jD̄kD̄�
+

�
n�1�

i<<k

�ijk(q̄)

D̄iD̄jD̄k
�

n�1�

i<j

�ij(q̄)

D̄iD̄j

�
(2.19)

can be interpolated as follows,

�i(q̄) = c(i)
1,0 + c(i)

1,1((q + p0) · e1) + c(i)
1,2((q + p0) · e2) +

+ c(i)
1,3((q + p0) · e3) + c(i)

1,4((q + p0) · e4) =

= c(i)
1,0 +

�
c(i)
1,1x2 + c(i)

1,2x1 � c(i)
1,3x4 � c(i)

1,4x3

�
(e1 · e2) . (2.20)

2.2.7 Discrete Fourier Transform

As proposed in [94], the coe�cients of a polynomial of degree n in the variable x, say P (x),

defined as,

P (x) =
n�

�=0

c� x� , (2.21)

can be extracted by means of projections, according to the the Discrete Fourier Transform.

The basic procedure is very simple:
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10!20 coefficients
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The residue of the double-cut, D̄i = D̄j = 0, defined as,
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+ c(ij)
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2,2 ((q + p0) · e2)
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+ c(ij)
2,3 (q + p0) · e3 + c(ij)

2,4 ((q + p0) · e3)
2 +

+ c(ij)
2,5 (q + p0) · e4 + c(ij)

2,6 ((q + p0) · e4)
2 +

+ c(ij)
2,7 ((q + p0) · e2)((q + p0) · e3) + c(ij)

2,8 ((q + p0) · e2)((q + p0) · e4) =

= c(ij)
2,0 + c(ij)

2,9 µ2 +
�
c(ij)
2,1 x1 � c(ij)

2,3 x4 � c(ij)
2,5 x3

�
(e1 · e2) +

+
�
c(ij)
2,2 x2

1 + c(ij)
2,4 x2

4 + c(ij)
2,6 x2

3 � c(ij)
2,7 x1x4 � c(ij)

2,8 x1x3

�
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2 . (2.18)
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�
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i<<m
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�

n�1�

i<<�

�ijk�(q̄)

D̄iD̄jD̄kD̄�
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�
n�1�
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D̄iD̄jD̄k
�

n�1�

i<j

�ij(q̄)
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�
(2.19)

can be interpolated as follows,

�i(q̄) = c(i)
1,0 + c(i)

1,1((q + p0) · e1) + c(i)
1,2((q + p0) · e2) +

+ c(i)
1,3((q + p0) · e3) + c(i)

1,4((q + p0) · e4) =

= c(i)
1,0 +

�
c(i)
1,1x2 + c(i)
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1,3x4 � c(i)

1,4x3

�
(e1 · e2) . (2.20)
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As proposed in [94], the coe�cients of a polynomial of degree n in the variable x, say P (x),

defined as,
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can be extracted by means of projections, according to the the Discrete Fourier Transform.

The basic procedure is very simple:
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[Mastrolia, Mirabella, Peraro, 2012]
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Discrete Fourier Transformation (DFT)

I �(q, µ2) multivariate polynomial in q and µ2

I Systematic sampling: DFT
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[Mastrolia, Ossola, Papadopoulos, Pittau (2008)]
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Sampling strategy

I q =
P

4

i=1

xiei ) µ2, x
1

, x
2

, x
3

, x
4

variables

I At quintuple cut: Everything constrained

I At quadruple cut: �(µ2)

I At triple cut: �(µ2, x
3

, x
4

) Condition: x
3

x
4

= C(x
1

, x
2

) = C ) �(µ2, x
3

, C/x
3

)

I Use DFT: solutions / 1

C , problem if C = 0

I Use DFT twice, �(µ2, x3, C/x3) and �(µ2C/x
4

, x
4

)
solutions / 1

1�C , problem if C = 1

I Branching:
if(C=0): Use �(µ2, x

3

, C/x
3

) and �(µ2C/x
4

, x
4

)

else: Use �(µ2, x
3

, C/x
3

)
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Sampling strategy

I At double cut: �(µ2, x
1

, x
3

, x
4

) with x
3

x
4

= F(x
1

) = Ax2

1

+ Bx
1

+ C lot of
branchings:

I F=0 has no solutions
I F=0 has one zero solution
I F=0 has one non-zero solution
I F=0 has two zero solutions
I F=0 has two non-zero solutions

I At single cut: �(µ2, x
1

, x
2

, x
3

, x
4

) with x
3

x
4

� x
1

x
2

= G
similar to the triple cut
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Towards Higgs jets in GF @ NLO
H+0j 1 NLO

gg ! H 1 NLO
H+1j 62 NLO

qq ! Hqq 14 NLO
qg ! Hqg 48 NLO

H+2j 926 NLO
qq0 ! Hqq0 32 NLO
qq ! Hqq 64 NLO
qg ! Hqg 179 NLO
gg ! Hgg 651 NLO

H+3j 13179 NLO
qq0 ! Hqq0g 467 NLO
qq ! Hqqg 868 NLO
qg ! Hqgg 2519 NLO
gg ! Hggg 9325 NLO

Computational Challenges:

I Over 10,000 diagrams

I Higher-Rank terms

I 60 Rank-7 hexagons

Complex calculations! GoSam enhanced
grouping, optimalization through Form4.0, numerical polarization vectors, parallelization
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Higgs + 2 jets in GF @ NLO

I Results obtained with GoSam+Sherpa

I Agreement with MCFM (v6.4) [Campbell, Ellis, Williams]

HvD, Greiner, Luisoni, Mastrolia, Mirabella, Ossola, Peraro, von Soden-Fraunhofen, Tramontano (2013)

(also appeared in Handbook of LHC Higgs Cross Sections: 3. Higgs Properties )
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Higgs + 3 jets in GF: virtual part

Cullen, HvD, Greiner, Luisoni, Mastrolia, Mirabella, Ossola, Peraro,
Tramontano, arXiv:1307.4737

Virtual parts computed with
GoSam

SUBPROCESS DIAGRAMS TIME/PS-POINT [sec]
qq̄ ! Hq0 q̄0g 467 0.29
qq̄ ! Hqq̄g 868 0.60
gg ! Hqq̄g 2519 3.9
gg ! Hggg 9325 20

Number of Feynman diagrams and time per

PS-point point for each subprocess

2 Re
n

Mtree-level⇤Mone-loop
o

(↵s/2⇡)
�

�

�

Mtree-level
�

�

�

2

⌘
a�2

✏2

+
a�1

✏
+a

0

-50

0

50

100

150

⇡/2 ⇡ 3⇡/2 2⇡

a
0

Angle ✓ around y-axis

qq̄ ! Hq0q̄0g

qq̄ ! Hqq̄g

gg ! Hqq̄g

gg ! Hggg

Tests: gauge invariance and IR poles
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Higgs + 3 jets GF @ NLO: cross-section

Cross sections are obtained with a hybrid setup:
I GoSam + Sherpa for Born and of the virtual contributions
I

MadGraph+MadDipole+MadEvent for reals/subtraction/integrated dipoles

0
µ/µ

 [
p

b
]

σ

0.5

1

1.5

2

2.5

3

LO

NLO

0.25 0.5 1 2 4

2

T
H

 = 
0

µ

µF = µR =
ĤT

2

= µ
0

ĤT =
q

m2

H + p2

T,H +
X

i

|pT,i|

Tests performed on the cross section:
I NLO H+2 jets: Agreement between hybrid scheme and GoSam+Sherpa
I LO H+3 jets: Agreement between MADGRAPH and Sherpa
I NLO H+3 jets: Independence from ↵�parameter (subtraction+int. dipoles)

Cullen, HvD, Greiner, Luisoni, Mastrolia, Mirabella, Ossola, Peraro, Tramontano arXiv:1307.4737
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Higgs + 3 jets GF @ NLO: distributions

LHC 8 TeV cteq6mE pdf
anti-kt: R=0.5, pT > 20 GeV, |h| < 4.0

1st jet LO
1st jet NLO
2nd jet LO
2nd jet NLO
3rd jet LO
3rd jet NLO

0 50 100 150 200 250 300 350 400

10�7

10�6

10�5

10�4

10�3

10�2

10�1

pT,j[GeV]

ds
/d

p T
,j[

pb
/G

eV
]

pT of the Jets

LHC 8 TeV
cteq6mE pdf
anti-kt: R=0.5, pT > 20GeV, |h| < 4.0

LO
NLO

10�4

10�3

10�2

ds
/d

p T
,H

[p
b/

G
eV

]

0 50 100 150 200 250 300 350 400

0.6

0.8

1

1.2

1.4

pT,H[GeV]

N
LO

/L
O

pT of the Higgs boson

pp! Hjjj generated by GoSam can be paired with available MC
programs for further phenomenological analyses.
Cullen, HvD, Greiner, Luisoni, Mastrolia, Mirabella, Ossola, Peraro, Tramontano arXiv:1307.4737
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pp! Ht¯t + 1 jet @ NLO

First Application of GOSAM/NINJA + SHERPA ! Talk of T. Peraro

t̄tH + 1j 1895 NLO
qq ! Ht̄tg 320 NLO

gg ! Ht̄tg 1575 NLO

I Two different mass scales: Higgs
and Top

I 51 hexagons in the gluon-gluon
channel
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Ht¯tj results

0
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GoSam/Ninja+Sherpa

Hans van Deurzen Associated Higgs production at NLO with GoSam 27 / 29



Vector Boson Fusion
H+2j 240 NLO

us ! Hdc 24 NLO

uc ! Huc 24 NLO

us ! Hus 24 NLO

ds ! Hds 24 NLO

ud ! Hud 48 NLO

uu ! Huu 48 NLO

dd ! Hdd 48 NLO

H+3j 2160 NLO
us ! Hdcg 216 NLO

uc ! Hucg 216 NLO

us ! Husg 216 NLO

ds ! Hdsg 216 NLO

ud ! Hudg 432 NLO

uu ! Huug 432 NLO

dd ! Hddg 432 NLO

S1,3 = s345 � s61 � s12 (41a)

S1,4 = �s23 + s345 + m2
H + s123 � s45 � s56 � s61 � s34 + s234 � s12 (41b)

S1,5 = �s23 + m2
H + s123 � s12 � m2

W + i · mW · �W (41c)

S1,6 = �m2
W + i · mW · �W (41d)

S2,4 = �s23 � s34 + s234 + m2
H (41e)

S2,5 = �s23 � s345 + m2
H + s45 + s61 � m2

W + i · mW · �W (41f)

S2,6 = s61 � m2
W + i · mW · �W (41g)

S3,5 = s45 � m2
W + i · mW · �W (41h)

S3,6 = s345 � m2
W + i · mW · �W (41i)

S4,5 = �m2
W + i · mW · �W (41j)

S4,6 = s345 � s45 � m2
W � s34 + m2

H + i · mW · �W (41k)

S5,5 = �2m2
W + 2i · mW · �W (41l)

S5,6 = �2m2
W + m2

H + 2i · mW · �W (41m)

S6,6 = �2m2
W + 2i · mW · �W (41n)

5.7.1 Diagrams (3)
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Diagram 461

S� = S{3}
Q��q�(�k3�k5�k4) , rk = 2
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Diagram 569

S� = S{4}
Q�q�(k2�k6), rk = 2

u(k1)
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s

Diagram 1035
S� = SQ��q�(�k3�k5�k4) , rk = 3
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Conclusions

I GoSam is a powerful framework for the automatic computation of one
loop virtual amplitudes

I Samurai has been extended to deal with higher rank numerators:
Xsamurai

I GoSam is interfaced to a lot of Monte Carlo Programs

I GoSam has been used for a lot of different phenomenology studies,
among which

I Higgs plus two jet in GF
I Higgs plus three jet in GF
I Higgs t̄t jet
I Higgs plus two and three jet in VBF in progress

Outlook
I Even more processes on the way
I Interaction with MC and experimental collaborations
I Additional code improvements towards GoSam 2.0
I Multi-loop integrand reduction in the making (talk T.Peraro on Thursday)
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