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1. Introduction 1.1 Early thermalization/hydrodynamization problem

1.1 Early thermalization/hydrodynamization problem

Motivation: study of the early thermalization problem or early hydrodynamization problem

Analysis of the traditional color-flux tube model in a new physics context:

calculation of different components of the energy-momentum tensor, comparisons of the
longitudinal and transverse pressure of the produced system

use of different values of the ratio of the shear viscosity to entropy density, study of the
equilibration of the quark-gluon plasma with reference to recent viscous-hydrodynamics
models of ultra-relativistic heavy-ion collisions

yet another model with strong interaction (large coupling constant) that can be solved
exactly

The proposed model is one dimensional and assumes boost invariance, hence, it may be applied
only to the early stages of the collisions and to the central rapidity region.

W. Florkowski (UJK / IFJ PAN) QGP equilibration Sept. 18, 2015 4 / 23



2. Color-flux-tube model

2. Color-flux-tube model
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2. Color-flux-tube model 2.1 Field decomposition

2.1 Field decomposition

Color-flux-tube model
A. Casher, H. Neuberger, S. Nussinov, Phys. Rev. D20 (1979) 179
N. K. Glendenning and T. Matsui, Phys. Rev. D28 (1983) 2890
A. Bialas, W. Czyz, A. Dyrek, WF, Nucl. Phys. B296 (1988) 611

g g

q q

tunneling quarks and gluons

color-flux tubes

cc

Lorentz contracted
nucleus

8 gluon fields = 2 neutral gluon (classical) fields + 3 charged gluon fields (particles)
similarities to the GLASMA phase: parallel chromoelectric fields are present
but chromomagnetic fields are absent
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2. Color-flux-tube model 2.2 Kinetic equations

2.2 Kinetic equations
abelian dominance approximation

A. Bialas, W. Czyz, A. Dyrek, WF, Nucl. Phys. B296 (1988) 611
B. Banerjee, R. S. Bhalerao, V. Ravishankar, Phys. Lett. B224 (1989) 16

(
pµ∂µ + gεi · Fµνpν∂p

µ

)
Gif (x , p) =

dNif

dΓinv
+ Cif

(
pµ∂µ − gεi · Fµνpν∂p

µ

)
Ḡif (x , p) =

dNif

dΓinv
+ C̄if

(
pµ∂µ + gηij · Fµνpν∂p

µ

)
G̃ij (x , p) =

dÑij

dΓinv
+ C̃ij

Gif (x , p) , Ḡif (x , p) and Gij (x , p) — phase-space densities of quarks, antiquarks, and gluons
with color charges

ε1 =
1
2

(
1,

√
1
3

)
, ε2 =

1
2

(
−1,

√
1
3

)
, ε3 =

(
0,−

√
1
3

)
ηij = εi − εj

dN/dΓinv — Schwinger terms, C — collision terms
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2. Color-flux-tube model 2.3 Initial conditions

2.3 Initial conditions

The Gauss law yields EA = kgq
g — coupling constant, E — color field, A = πr2 — the transverse cross section of the tube
k — number of color charges q at the end of the tube (q = εi or q = ηij )

- kg q+ kg q

surface used to calculate the field intensity

For k = 1 we have an elementary tube with the string tension σ = 1
2AE · E = g2

2A q · q

For the standard value σq = 1 GeV/fm (σg = 3 GeV/fm) we get g2 ≈ 30πr2/fm2

with πr2 = 1 fm, g ≈ 5.5, strong coupling!

Initial condition is specified by the value of k
in order to match the initial energy density at RHIC or the LHC we take k = 5 and k = 10
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2. Color-flux-tube model 2.4 Schwinger tunneling mechanism

2.4 Schwinger tunneling mechanism

J. Schwinger, Phys. Rev. 82 (1951) 664
E. Brezin, C. Itzykson, Phys. Rev. D2 (1970) 1191

The terms dN/dΓinv describe production of quarks and gluons due to the decay of the
chromoelectric field, for quarks we have

dN
dΓinv

=
Λ

4π3

∣∣∣∣∣ln
(

1− exp

(
−
πm2

⊥
Λ

))∣∣∣∣∣ δ(p‖
)
p0

where Λ is the force acting on a tunneling quark
the condition p‖ = 0 implies P‖ = 0 at the beginning of the evolution

Λ = (g |q · E| − σ) θ (g |q · E| − σ)

m⊥ =
√

m2 + p2
x + p2

y — transverse mass, θ — step function
the term −σ is introduced too include the feedback (screening by the tunneling pair)
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2. Color-flux-tube model 2.5 Collision terms

2.5 Collision terms

P. L. Bhatnagar, E. P. Gross, and M. Krook, Physical Review 94 (1954) 511
Relaxation-time approximation

C = p · U
Geq − G
τeq

, Geq =
2

(2π)3
exp

(
−

p · U
T

)

U — hydrodynamic flow, T — effective temperature
we use the following relation between the relaxation time and the viscosity
J.L. Anderson and H.R. Witting, Physica 74, 466 (1974)

τeq(τ) =
5η̄

T (τ)

Here η̄ is the ratio of the viscosity to the entropy ratio which is treated as a constant in our
approach. We consider four values of η̄:

η̄ =
1

4π
,

3
4π

,
10
4π

,∞

The lowest value is suggested by the KSS bound
P. Kovtun, D.T. Son, and A.O. Starinets, Phys. Rev. Lett. 94, 111601 (2005)
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2. Color-flux-tube model 2.6 Maxwell equations

2.6 Maxwell equations

To close the system we need the Maxwell equations

∂µFµν(x) = jν(x) + jνD(x)

two contributions to the current (convective and displacement currents)
consistency with the energy-momentum conservation
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3. Energy-momentum conservation law

3. Energy-momentum conservation law
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3. Energy-momentum conservation law

3.1 Energy-momentum tensor of quarks and gluons

Energy-momentum tensor of quarks and gluons

Tµν =

∫
dP pµpν

∑
i

∑
f

(
Gif (x , p) + Ḡif (x , p)

)
+

3∑
i,j=1

G̃ij (x , p)


Form typical for anisotropic systems, two different pressures, P‖ 6= P⊥

Tµν = (ε+ P⊥)UµUν − P⊥gµν + (P‖ − P⊥)VµVν

Here U = (t/τ, 0, 0, z/τ) and V = (z/τ, 0, 0, t/τ). In local equilibrium

Tµνeq = (εeq + Peq)UµUν − Peqgµν εeq =
36(Nf + 1)T 4

π2
, Peq =

1
3
εeq

If the system is out of equilibrium, we introduce the effective temperature ε =
36(Nf +1)T 4

π2
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3. Energy-momentum conservation law

3.2 Energy conservation for field and matter

The energy-momentum conservation law for the system of quarks, gluons and the chromoelectric
field has the form

∂µTµν(x) + ∂µTµνfield(x) = 0

Tµνfield =


εfield 0 0 0

0 εfield 0 0
0 0 εfield 0
0 0 0 −εfield

 , εfield =
1
2
E2. (1)

One may notice that the field acts as matter whose transverse pressure is positive and equal to
the field energy density εfield. On the other hand, the field longitudinal pressure is negative and
equals −εfield.

Tµνtotal = (ε+ P⊥ + 2εfield)UµUν − (P⊥ + εfield)gµν + (P‖ − P⊥ − 2εfield)VµVν

≡ (εtotal + P⊥
total) UµUν − P⊥

totalg
µν + (P‖

total − P⊥
total)VµVν . (2)
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4. Results

4. Results
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4. Results

4.1 Damped oscillations of the fields

Time dependence of the chromoelectric field normalized to its initial value, for two values of k
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Field oscillations are damped only if the viscosity is very small!
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4. Results

4.2 Time dependence of effective temperature

Time dependence of the effective temperature T determined from the equation ε =
36(Nf +1)T 4

π2
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4. Results

4.3 Time dependence of effective viscosity
Dissipative hydrodynamics in the first order allows us to define the effective viscosity
dT
dτ + T

3τ = 4η̄eff
9τ2 , one can check if it agrees for large times with η̄ used as the input
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4. Results

4.4 ε, 3P‖, and 3P⊥ of the produced matter

Various thermodynamic quantities
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4. Results

4.5 P‖/P⊥ of the produced quarks and gluons

Ratio of the longitudinal and transverse pressures
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4. Results

4.6 P‖/P⊥ including the field contribution
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qualitative agreement
(similarity)
with T. Epelbaum, F. Gelis
Phys.Rev.Lett. 111 (2013)
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5. Summary

5. Summary
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5. Summary

5.1 Summary

We have analyzed equilibration of an anisotropic quark-gluon plasma produced by decays of
color flux tubes

A novel feature of our approach is the implementation of the viscosity of the produced
quark-gluon plasma in terms of a constant ratio of the shear viscosity coefficient to the entropy
density, η̄ = η/σ = const.

We have used realistic values of the initial field strength and the viscosity. The initial field
strength is chosen in such a way that the effective temperature of the produced plasma reaches
values expected at RHIC and the LHC, Tmax ∼ 300− 500 MeV.

For the lowest (KSS) value of the ratio of the shear viscosity to the entropy density, 4πη̄ = 1, the
analyzed system approaches the viscous-hydrodynamics regime within 1–2 fm/c.

On the other hand, for larger values of the viscosity, 4πη̄ ≥ 3, the collisions in the plasma are not
efficient to destroy collective phenomena in the plasma, which manifest themselves as
oscillations of different plasma parameters.
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