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1 " To separate a perturbatively calculable partonic process
Factorization parate a p Y partonic process
from universal models for the hadrons in hadron scattering.
Different factorization formulas are applicable for different kinematical regions in terms of
the hard scale P, the transverse momentum inbalance ky, and the saturation scale Q.

Collinear factorization

doagx = J dxa Z J dxg Z faa(xa, 1) fo/e(xB, 1) dGap—x (XA, XB, 1)
a b

Central scattering: xa ~ xg ~ 1, and Pt > ky > Q..
Partonic cross section do g, is calculated with on-shell initial-state partons.

High Energy Factorization Catani, Ciafaloni, Hautmann 1991
Ellis, Collins 1991

doag_x = J dkt J dxa J dxg Z Fge/a(xa, kry 1) fo p(xpy 1) dGgepox (XA, X8y KT, 1)
b

Eg. forward-central scattering: xg > xa, and Py ~ kt > Q.
Unintegrated gluon density J g o (xa, kt, 1) evolved following BFKL or similar.
Partonic cross section do g+, is calculated with an off-shell initial-state gluon.




q A To separate a perturbatively calculable partonic process
Factorization parate a p y partonic process
from universal models for the hadrons in hadron scattering.

Generalized TMD factorization Dominguez, Marquet, Xiao, Yuan 2011

doag_x = J dki J dxa Z J dxg Z 43;1&(7(/\, ke, 1) fo/p (X8, 1) dégﬁ,ﬁx(xm Xp, KT, 1)
i b

For xo < 1 and Pt > k1 ~ Q..

Applicable to p — A (dilute-dense) collisions.

TMD gluon distributions d)éig(xA,kT, ) satisfy non-linear evolution equations, and admit
saturation. .

Partonic cross section dfrg& depends on color-structure i, and is calculated with on-shell
initial-state partons.

Improved generalized TMD factorization Kotko, Kutak, Marquet, Petreska,
Sapeta, AvH 2015

Model interpolating between High Energy Factorization and Generalized TMD factoriza-

tion: PT Z kT 2, Qs-

Partonic cross section dé'gt)) depends on color-structure 1,

and is calculated with off-shell initial-state partons.




A general factorization formula

General formula for cross section with 7t* € {g*, q*, q*}:

G (7t (k1) 75 (ka) = Y)

o(hi(pi)ha(pa) = Y) = Z J A’k Fra(ks) J d'k; Fap(k2)

a,b

44/ (k1 -k2)? — kK3

1 1
Collinear factorization: Fi.(k) = N J % fia(x, 1) 8*(k —xpi)
c Jo

1 [ d%s (!
kr-factorization: Fi (k) = J d'kr J % Fialx, k1) 8 (k —xpi — kr)

N 2,
Pz‘

6:Jd(D(1,2 34, ) (M1, 2,. ) O Py ) k2

phase space includes summation over color and spin
squared amplitude calculated perturbatively ki

observable includes phase space cuts, or jet algorithm P1 ‘



Gauge invariance

In order to be physically relevant, any scattering amplitude following the constructive
definition given before must satisfy the following

Freedom in choice of gluon propagator:

=l N kK
S [ R R
K2 |9 on TV E R

Ward identity:

.musu(k) — "omg‘uku =0

e Only holds if all external particles are on-shell.
e ky-factorization requires off-shell initial-state momenta.

e How to define amplitudes with off-shell intial-state momenta?




Amplitudes with off-shell partons

AvH, Kutak, Kotko 2013, AvH, Kutak, Salwa 2013: Embed the process in an on-shell
process with auxiliary partons

Hadron momenta py, p,:
P1-PA =P1-Par =pP1-ki =0
P2-PB = P2:Pr =P2ka =0



Amplitudes with off-shell partons

AvH, Kutak, Kotko 2013, AvH, Kutak, Salwa 2013: Embed the process in an on-shell
process with auxiliary partons and eikonal Feynman rules.

Hadron momenta p1, pa: Joal i :
. |
P1-PA =P1-Par =PpP1-k1 =0 g :_'Ti(,ljmL j E. = dij pi]iK
seeepeees .
P2-PB =P2-Pe =P2-ka =0 W a



Amplitudes with off-shell partons

AvH, Kutak, Kotko 2013, AvH, Kutak, Salwa 2013: Embed the process in an on-shell
process with auxiliary partons and eikonal Feynman rules.




Amplitudes with off-shell partons

AvH, Kutak, Kotko 2013, AvH, Kutak, Salwa 2013: Embed the process in an on-shell
process with auxiliary partons and eikonal Feynman rules.

In agreement with the effective action approach of
Lipatov 1995, Lipatov, Vyazovsky 2000

and the Wilson-line approach of , i
Kotko 2014 O S v




MHYV formula

A{7,j7, (the rest)™) =

(pip; )

(P1P2)(P2p3) -+ * (Pn-2Pn-1) (Pn-1Pn) (PnP1)



BCFW recursion [aamgl amplitudes

Multi-gluon amplitudes have much simpler expressions than one would expect from the
Feynman graphs, in particular the MHV amplitudes:

(pip; )

A{i7,j7, (the rest)”) = P1p2) (P2p3) - - (Pr2Prt) Pr1Pn) (PrP1)

BCFW recursion (Britto, Cachazo, Feng, Witten 2005) allows for easy construction of
such simple expressions

e it is a recursion of on-shell amplitudes, rather than off-shell Green functions
e it is most efficiently applied as a recursion of expressions

e it is easily proven using Cauchy's theorem

For a rational function f of a complex variable z which vanishes at infinity, we have

%dZ‘C(Z)R@O
R2m oz

Residue(f Q z = z;)

o = fo=)

i

This is applied to amplitudes by turning them into functions of a complex variable by
analytical continuation of the momenta to complex values.



BCFW recursion [aamgl amplitudes

Choose two gluons 1,1 and construct the shift vector
= 2(p1lv*Ipa]
which satisfies
pire=pr-e=ee=0
and shift the momenta of gluons 1,1 following
pi(z) =py+ze*  prlz) =p} —ze
so that
Pr(z)+Phz) =Pl Pt Pil2)Pi(2) = Pulz)-Pulz) = 0
Applying Cauchy's theorem on
A(z) = A(P1(2), P2y - - - PriPn(z)

leads to the relation

n—1

A2, n=1m7) =) Y A(152,...,1, K1)

i=2 h=+,—

1

K, AR+, n=1,A7)



BCFW recursion [amial amplitudes

Pi Pit

Ki(z) =pt + -+ pt + ze!

= —Pip1 — - —ph+zet

B (pr+- +pi)?
Kiz?=0 & z=-—

? 2(p2+---+pi)-e

n—1

s . 1 S h o
A(ﬁ,z,...,n—unjzz Z A(ﬁ,z,...,l,—lqﬁi)K—ZA(K1;,1+1,...,n—1,n )
i=2 h=+,— i



Amplitudes with off-shell gluons

An m-gluon amplitude is a function of n momenta ki, k;,...,k,, and n directions
P1,P2y- .-, Pn, satisfying the conditions

Ki+KkKy+--+kh =0 momentum conservation
pi=pi=---=p- =0 light-likeness
pPirki=prky=-=pn-ky=0 eikonal condition

With the help of an auxiliary four-vector g* with q*> = 0, we define

Ki(q) = k' —x(q)p"  with x(q):j";

Construct kf explicitly in terms of p* and g™:

2 [pq] 2 (qp) (qp) [pal

k? = —kk* is independent of g*, but also individually k and k* are independent of q*".



Amplitudes with off-shell gluons

An m-gluon amplitude is a function of n momenta ki, k;,...,k,, and n directions
P1,P2y- .-, Pn, satisfying the conditions

Ki+KkKy+--+kh =0 momentum conservation
pi=pi=---=p- =0 light-likeness
pPirki=prky=-=pn-ky=0 eikonal condition

With the help of an auxiliary four-vector g* with q*> = 0, we define

Kr(q) =k*—x(q)p* with x(q)=——

q-k
q-p

Construct kf explicitly in terms of p* and g™:

K (phy*lql & (qhy*lp] (qlKip] . (plKlql

SO= a2 @ ™ T e 0 T Tl
k? = —kk* is independent of g*, but also individually k and k* are independent of q*".
(alkip) _ (alkip)(pr) _ (alkplr) _ (qlkp—pKir) _ (ap)lplkir) _ (rlKip]
{(ap)  (ap)(pm)  {ap){pm) {ap){pr) {ap){pm)  (vp)




Amplitudes with off-shell gluons

An m-gluon amplitude is a function of n momenta ki, k;,...,k,, and n directions
P1,P2y- .-, Pn, satisfying the conditions

Ki+KkKy+--+kh =0 momentum conservation
pi=pi=---=p- =0 light-likeness
pirki=prky=---=pn-ky,=0 eikonal condition

With the help of an auxiliary four-vector g* with q*> = 0, we define

Ki(q) = k' —x(q)p"  with x(q):j";

Construct kf explicitly in terms of p* and g™:

Ki(q) _ k< {phv*ldl _ «* (ahy¥ip] with K:M o (plKlql

2 [pq] 2 (qp) (qp) [pal

k? = —kk* is independent of g*, but also individually k and k* are independent of q*".

Besides the spinors of directions and light-like momenta, k and «* will show up in expres-
sions for off-shell amplitudes.



Shifting off-shell momenta

The shift of on-shell momenta is equivalent to a shift of the spinors

P =pi+ (vl & ) =) 1= 1]+ zIn]
ﬁﬁ:pﬁ—%(]]‘y“m] S My=m)—z1)  [A] =n]

For off-shell momenta k!, k% the shift vector is defined in terms of the light-like directions
P}, ph and the shift of the momentum is equivalent to the shift of  or k*

K z K1 — [In]z (Iy*n] k3 (nly#1]
K=K S0 = x(palpf = (Ahtind _ f {nhy*!

2 [Tn] 2 (nl)
) T Tyt
b =Kk g(”wlln = Xa(p1)pn — % <n[:/]]| - 5 +2< 22 g/n|>n

Besides momentum conservation, the shift also preserves the eikonal conditions
prki=0  pnka=0

Propagator denominators for “external” of-shell gluons, instead of polarization vectors,
give correct powers of z for vanishing behavior at infinity.
ER



Feynman rules

Planar graphs for the process ) — g*g*g:

L SRRV,

The Feynman rules in the Feynman gauge:

v :i — ! I :\/Epu

" K2 2p-K "
2
! 1310 41 12 11y M2 13 M2 K3
A = 5 K=K (K = K (K — Ky
1 3

2 3 —1

>< — 7 [znu1u3nuzu4 _nuwznuzm _nHHMnHZIlS]
1 4

where p" is the direction associated with the eikonal line.



BCFW recursion [l amplitudes

The BCFW recursion formula becomes

ZZA1h+ZB +C+D,

i=2 h=+,—

where
i i1 i—1 i Loi+d
. h 1 -h . . 1 .
Ai,h: . . Bi: . .
+_ K%,i * * 2pi-Kin .
1 a ) A
c- b 2*71—1 D_ 2*11—1
K1 K;((1
7 f 1 fi

The hatted numbers label the shifted external gluons.



On-shell limit

For each off-shell gluon j, we can identify the following terms in the amplitude

Alkj) = K]*U(kj) + I:.V(kj) + W(kj)
j j

The actual amplitude needs a factor proportional to 1/—k]-z, we choose K
K
KA (k) = U(k) + ?J V(&) + & W(k;)
j
The ratio «j/k; does not vanish in the on-shell limit, and an angle dependence remains.

2 kZ—0

A 2= U]+ [VIpy)|* + e®OU(py) V(py)* + e 29 U(p;)*V(p;)

)

Interference terms vanish upon integration over @.
e the — helicity can be associated with U, i.e. 1/|<§‘

e the + helicity can be associated with V, i.e. 1/k;



Some 4-gluon amplitudes

1 (41)3 1 (13Y4

A(1*32+?3+’4*) = KZKT <12><23><34> y A(1*)2+)3*)4+) = KTK; <12><23><34><4]>
AU — (113 + Kyl41?
A 253540 = o GIRRITRBI 12 B3] (s + k)2
1 (34)3(14)3 1 [2113(14)3

T (41Ks + K [T (2[Kq [41 {4 1K1 141 (23) i K (40K + KT Kal31(T 1K 11132]

(13)3[13)3
(34) (A1) (1[Ks + Pal31(3[Kr + Pal1]132](21]
+_1 (12)343)3 1 (23)3114]3
Kik3 (2[Ks[41(T1Ks + Pal3](ks +pa)? ki3 IK1413[Ki + Pal1] (K1 + pa)?

A(17,27,3%,47) =

27



BCFW recursion B (off-shell) quarks

e on-shell case treated in Luo, Wen 2005
— only gluons are shifted
— restrictions on allowed combinations of helicities and shift vectors
— not always possible to have minimal number of terms by shifting adjacent gluons
e any off-shell parton can be shifted: propagators of “external” off-shell partons give the
correct power of z in order to vanish at infinity

e different kinds of contributions in the recursion

. gets contributions from .

e many of the MHV amplitudes come out as expected

e some more-than-MHV amplitudes do not vanish, but are sub-leading in kr

A2 mt gt ) = <?

)’
(12)(23) --- (nq)(qq)(q1)



Conclusions

e Factorization prescriptions with explicit kr dependence in the pdfs ask for hard matrix
elements with off-shell initial-state partons.

e They allow for Dyson-Schwinger recursion and BCFW recursion, both for off-shell
gluons and off-shell quarks.

e Analytic expressions have been worked out for

— up to 5-gluon amplitudes with up to 2 of them off-shell Bury, AvH 2015
— up to 5-parton amplitudes with 1 qqg-pair and any 1 parton off-shell

e A numerical code has been published employing BCFW recursion to calculate multi-
gluon matrix elements for up to 6 gluons with up to 2 of them off-shell
http://bitbucket.com/hameren /amp4hef

e A numerical code has been published employing Dyson-Schwinger recursion to calcu-
late (essentially) any tree-level (off-shell) amplitude, within a complete Monte Carlo
environment
http://bitbucket.com /hameren/avhlib



