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Outline

e introduction

e zero-dimensional field theory
e tree-level recursion

e color treatment

e one-loop recursion
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Hard scattering cross sections
within collinear factorization

2
3
oF no
— —
n 3

Oy hy—m (P1y P2) = Z J dx; dx;

a,b

Oab—n (X1P1, X2P2; 1)
6a,b%n(pa>pb; H) — Jd(D (pmpb — {p}n) |Ma,bﬁn(pa)pb — {p}n; H)lz O(pmpb){p}n)
Phase space (includes Matrix element (squared) Observable, imposes

spin/color summation)  contains model parameters, phase space cuts
governs the kinematics governs the dynamics
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Zero-dimensional QFT

Consider ¢>-theory on a single space-time point
> i
2= apexp{ o +s@]} , Sio)=-T ¢~ 207, m(m? <0
We trivially have the linear Dyson-Schwinger equation
(> . hd i B h ,d hg d

Z|]] generates zero-dimensional “Green functions”, connected “Green functions”
generated by

WI]J] = In Z[]]

Non-linear Dyson-Schwinger equation

0=]+ imz—dwm +

g
2 IR
g 2

dJj2 dj

2
Ewll (dWU]> }
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Zero-dimensional QFT

dWl]l <« CoaJ®

Dyson-Schwinger equation for Green functions from ——— = Z
d] — n!
Chpr 1 Ci C]+1 hg Cni2
n! <n1+91§n 2 nl

We may cast the equation into a graphical form

Hj=n
Solutions for tadpole |ﬂ
er h : non—per : Re(_ld)s) <0
cren o PO oo T
m g

Non-perturbative solution corresponds
to other integration contour in the com-
plex ¢-plane in the definition of Z[]].
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Zero-dimensional QFT

Introduce more zero-dimensional points
1 g
S(¢p) =— kZ1 7 A1 Prdr — Z 6 b7, Im(Ay <0)

Dyson-Schwinger equation

| oW WL (AW
0= ]k—l—IZAk,l ahm +% [h a]im " ( a]lEﬂ> }
l

Expand generating function in terms of Green functions

OW1]] y I L s

1!l 1 1!

o

Graphical interpretation

@ 1 L 1
—@Z+z—@ k—lZIAki y k—<m:96k:1:m y O:h

i+j=n

_ page 6 of 30 Dyson-Schwinger recursion at fixed order | Andreas van Hameren | IFJ PAN, Krakow | 12-09-2013 005



Tree-level recursion @ = 5— + Z

1+j=n
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- ()
One-loop recursion ®-y <@
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Two-loop recursion

i

D= T T < 5D

i+)= i+j=n

1

_®%
4@
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@ - -0 - |
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Generalization to real QFT

Theories with four-point vertices: e distinguishable external lines corre-
spond to on-shell particles

(i) (1) —> polarization vectors, spinors, 1
®- Z{ 2 <@
i @ ik () e sum of momenta of on-shell lines is

1 1 p 1 equal to momentum of off-shell line
+5-® + 5 + ——n)
- 2 iﬂzn 0 6 e vertices directly from Feynman rules

in momentum space

Theories with more types of currents:
e off-shell line carries propagator from

M@ _ Z i) n @ Feynman rules, in any gauge

i+j=n 0 e on-shell (n 4 1)-leg amplitude
+~(n) = Z g + —*@ — from current with n on-shell legs
1+j=n

— by omitting the final propagator

~{(n) = Z + *@ — and contracting with pol.vec. or

i+H=n spinor instead
Currents may have several components.
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Expressions from Berends-Giele

For special helicity configurations,

For planar multi-gluon tree-amplitudes: : :
compact expressions can be derived,

Pij = Pi + Pm 4t Pj eg- for {1,j} negative, rest positive he-
_ ; ‘ licity
-0i = Z ot > 5 Lo (1)
k=i 1=k+1 o A, = )
| , (12)(23)-((n— 1y 1)
j—
ALy = 7. Z V3o (Piks Prrg) ALAL (k1) = product of Weyl spinors for ex-
WL k=t ternal momentum k and L.
-2 -1
+ y y Wh o ALAL 1A e what about non-planar ampli-
k=i 1=k+]1 tudes?
i
V5P, q) = \ﬁ [(P q)"Gvp e what if theory is less symmetric?
+ 295 q4v — 294 Pp} e what if there are several mass

" i . . scales?

Wioo = 5 [2959vo — 9¥G00 — 9590 ]

AE — e(p;) Direct numerical evaluation of Dyson-
i = P Schwinger relations.
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Recursive computation @ =t —+ 3
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Recursive computation SR — Z
- - -
o, -<; €-< €=

N N A VAR d 1 ECK 2
2 [ o 4
_(_3 —| For n external legs, 1

2
the asymptotic computational complexity is O(3"), 5 3
instead of O(n!) from the number of Feynman graphs. i4 4?14
2

. S

N4 N3 T M N4 N3
1
2
3
4

_ page 13 of 30 Dyson-Schwinger recursion at fixed order | Andreas van Hameren | IFJ PAN, Krakow | 12-09-2013 011

-hw| -
Il
|

Il
AN —
AOW =




DS skeleton for 0—>hhhhh

1: 5f 3h]l<- 2[ 2n] 1[ 1h]

o 6L 5 h ] <-- 3[ 4 h ] 1l 1 h ] 1 ’

32 70 9hl<- 4 8h] 1[ 1h] _q = <

4: 8 6hl<- 3[ 4n] 2 2h] 4 4

5: of 10 h 1 <—- 4[ 8nh ] 2[ 2 h ]

6: 10[ 12 h ] <-—- 4[ 8h ] 3[ 4h] 1 ’

7: 11[ 7h 1 <- 3 4h] 5[ 3h] 4(72__'_4?14

8: 11[ 7 h ] <—- 2[ 2 h ] 6L 5h ] 4_

9: 11[ 7h]l<- 1[ 1nhl 8[ 6h] 2

10: 12[ 11 h ] <—- 4[ 8h] 5 3h ]

S 12l tih L 2l 2h ] 7l 9 h ] particle identifier for off-shell leg
12:  12[ 11 h ] <—- 1[ 1h] 9l 10 h ]

13:  13[ 13 h ] <—- 4[ 8h] 6L 5h ]

14: 13[ 13 h 1 <—- 3[ 4h] 7L 9h1 Pi13=Pps+P9

15: 13[ 13h ] <—- 1[ 1h] 10[ 12 h ]

16: 14l dah ] <= 4l 8h] 8l 6hl] Binary representation of momenta:
17: 14[ 14 nh ] <—- 3[ 4h] 9l 10 h ]

1B 140 AT e— 2 2ni Aol 42 %1 external momenta are labeled by
19: 15[ 15 h ] <= 10[ 12 h ] sf 3n] powersof2,and

20: 15[ 15 h ] <-- o[ 10 h ] 6[ 5 h ]

21: 15[ 15h ] <—- 8[ 6 h] 7 9h] = -
22: 15[ 15 h ] <—- 4[ 8h3] 11[ 7h] Porott =PI P2 pet P
23: 15[ 15 h ] <-- 3 4nh] 12[ 11 h] — —Pan-1

24: 15[ 15h ] <—- 2[ 2h]1 13[ 13 h ]

25: 15[ 15 h] <= 1[ 1h] 14[ 14h ] eg forn =5 we have p;5s = —pig
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DS skeleton for 0 —> e+ e— e+ e-A

1: -1,
2: -1,
557 1,
4. -1,
5: -1,
6: 1,
T: 1,
8: -1,
9: -1,
10: 1,
11: 1,
12: -1,
13: -1,
14: -1,
15: -1,
16: -1,
17: -1,
18: -1,
19: -1,
20: -1,
21: -1,
22: 1,
23: 1,
24 : 1,
25: -1,
26: -1,
27: 1,
28: 1,
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50 5A1<- 3[ 4E-] 1[ 1 E+] : :
. same momentum, different particle
7[ 9 E+] <—- 4 8 A ] 1[ 1 E+]

8L 6A1<- 3[ 4E]1 2[ 2E+ ;

9of 6Z]<- 3[ 4E] 2[ 2 E+] V.. — o W 3

10[ 10 E+] <—- 4[ 8 A1 2[ 2 E+] Wi =+ W3 A4l le)mz R

11[ 12 E-] <—- 4 8 A ] 3[ 4 E-]

12[ 7 E+] <— 2L 2 E+] 5[ 5 A] i

12[ 7 E+] <—- 2[ 2 E+] 6[ 5 Z1] _ _ 13

12[ 7 E+] <= 1[ 1 E+] 8[ 6 A] Y2 =+ —P7 — m( le)As ™,

7

12[ 7 E+] <— 1[ 1 E+] of 6 Z ]

13[ 13 A1 <—- 3[ 4E] 70 9 E+] _ 4

14[ 1321 <- 30 4EI]1 70 9 E+4] AR —1 —  (—ie)W VMY

13[ 13 A ] <—— 1[ 1 E+] 11[ 12 E-] 13 =T p%( JWry" Y,

14[ 13 Z ] <-- il 1 E+] 11[ 12 E-]

15[ 14 A] <—- 3[ 4 E-] 10[ 10 E+]

16[ 14 Z ] <—- 3[ 4 E-] 10[ 10 E+]

15[ 14 A1 <—- 2[ 2 E+] 11[ 12 E-] fermi sign

16[ 14 Z 1 <— 2[ 2 E+] 11[ 12 E-]

17[ 15 E+] <—— 10[ 10 E+] 5[ 5 A] 2 i—1
17[ 15 E+] <—— 10[ 10 E+] 6[ 5 Z ] ~ 1x(m,q) - A A
17[ 15 E+] <—— 8[ 6A1 7[ 9 E+] (—=1) , X(p,q) = ZPLZ g;
17[ 15 E+] <—- 9[ 621 70 9 E+] i=n  j=I
170 15 E+] <—— 4[ 8 A1 12[ 7 E+] N _ _ .

170 15 E#] <—- 2[ 2 E+] 13[ 13 A ] p; = 1 if external particle i is a

170 15 E+] <= 20 2 E+] 14[ 13 Z ] fermion and is present in p,
17[ 15 E+] <—— 1[ 1 E+] 15[ 14 A ] .

170 15 E+] <——  1[ 1 E+] 16[ 14 Z ] else p; =0
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Cross sections from Monte Carlo

Calculation of a cross section requires phase space integration and summation over
spins and colors.

0= J dd Z Z M (D, spin, color)|* O(®)

spin color

e Phase space must we dealt with within a Monte Carlo approach (that’s why we
need to be able to evaluate scattering amplitudes numerically efficiently)

e Spin may be dealt with within a Monte Carlo approach:
1

1
Yoo e el =wlplet ulplet | wloule) = 6

— random helicities: uy(p) = \/Ze(i(% —0))
— random polarizations: u. (p) = e
e Color may be dealt with also within a Monte Carlo approach

What color representation to use?
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QCD Feynman rules

—1
2%1 — _nl“L”vLZ 6(11(12
D2

1
2—>—1 = m Oiyiy

3

)E\ = —ig T3, v™

2 1
3
&% — ( farazas [(p] _pz)%nm M2 4 (Pz _pg)mnuzus + (P3 _p1)uznu3u1}
2 1

4 _ igz[ (fm azbgazasb _ ra a4bfa3azb)nu1 uznu3u4

3m§§(ﬂ” 4 (f axbrazasd _ ga a4bfa2a3b)nu1 M3 H2Ha
5 _|_(]ca1 a3b]ca4azb _ fa azbfa3a4b)np1 ]J,4np,3p,2:|
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Color representation

e Represent gluons as 8-times higher-dim vectors A}
increases the number of operations per vertex unacceptably

e Treat gluons with different color as different particles

fabe £ 0 = abc € {123,147, 156,246, 257, 345, 367,458, 678)

all possible fusions unique, except (4,5) — {3,8} and (6,7) — {3, 8}

1: 5[ 3g31<- 2[ 2g21 1l
2: 60 5g71<- 3 4gdl 1l
3: 7L 9g6] <—- AL 8 g 5] 1[
4: 8[ 6g6]<- 3[ 4gal 2
5: 9[ 10g7]1<- 4 8g51 2l
6: 10[ 12g3]1 <- 4 8g51 3[
7: 10[ 12g81 <- 4 8g51  3[

skeleton depends on external color configuration
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Color flow representation

D AP =) 8AAY = ) 2TH{TOTRAAY = Y AP, A= V2(T) A
a a,b a,b 1)

Contract all external gluons with v/2 (Ta)}
and replace in all gluon propagators $° = 2Tr{TT®}
Color structure of the vertices become

. 3/2 cabcTayi b1 ci__i' 11 ¢y ¢l 11 ¢lr ¢l
3-gluon: 25 F(TH);1(T7) (T7)5] = 2 (55;@?5)'? _55;,551255)

4-g111011: 4(fabefcde - fadefbce) (Ta))l: (Tb)}j (TC)E (Td)}j

_1 11 ¢c1r cl3 ¢l 11 1y c12 ¢l
=5 (26).; 05705, 057 + 205, 057057057
— 8;10;78,36;7 — 858,281, — 8;18,28,78;1 — 6;18;78;75,] )
k-gluon: V2 (T¢) (T°)2 = 1 (sh52 — L5
quark-giuon. j1 j2 ﬁ 2% N_C i1 )2

1/N. contribution in quark-gluon vertex, but trivial gluon propagator: 6]1; 6;2
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DS skeleton for 0 —> ggggg
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DS skeleton for 0 —> ggggg

color configuration:

0O ~NO Ok WN -
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5[

6[

7[

8[

9l
10[
10[
10[
11[
13[
11[
13[
11[
13[
14[
14[
14[
15[
15[
15[
15[
15[
15[
15[
15[
15[
15[
15[

3

9

6

6
10

7

7

7
11
11
11
11
11
11
14
14
14
15
15
15
15
15
15
15
15
15
15
15

R 0] 09 OB OR O” 09 O0Q O” O” O0”Q 0] O0Q O) O0Q 0] 0Q O) O) O] 0] O” O) O” 09 09 O) O%)

(2,3)]
(1,2)]
(1,1)]
(2,2)]
(3,1)]
(1,3)]
(1,3)]
(1,3)]
(2,2)]
(1,1)]
(2,2)]
(1,1)]
(2,2)]
(1,1)]
(3,2)]
(3,2)]
(3,2)]
(1,2)]
(1,2)]
(1,2)]
(1,2)]
(1,2)]
(1,2)]
(1,2)]
(1,2)]
(1,2)]
(1,2)]
(1,2)]

(1,3)

(2,1 (1,2) 3,2) (2,1

2[
4[
3[
3[
41
3[
3[
1[
41
41
41
2[
2[
1[
41
41
3[
7L
8[
41
41
41
41
3[
3[
3[
3[
1[

= > > D> D> 00 00 00 00 O OO i 00 00 = NN 0 00 0 = i 00 0N

R 0] 09 0B OR 00 09 0Q OB OR O0R 0Q O0Q OB O0” 0] 0Q OB O” O0” 0] OR” O” O” 09 09 O” O%9

(2,1)]
(3,2)]
(1,2)]
(1,2)]
(3,2)]
(1,2)]
(1,2)]
(1,3)]
(3,2)]
(3,2)]
(3,2)]
(2,1)]
(2,1)]
(1,3)]
(3,2)]
(3,2)]
(1,2)]
(1,1)]
(2,2)]
(3,2)]
(3,2)]
(3,2)]
(3,2)]
(1,2)]
(1,2)]
(1,2)]
(1,2)]
(1,3)]

1[
1[
2[
2[
2[
5[
2[
7L
5[
2[
2[
6[
6[
o[ 1
8[
3[
[ 1
6[
6[
10[
3[
1[
1[
11[
13[
2[ 2
1[ 1
14[ 14

R P N O OO P 0O O ONNWONWNDNDNDDNDRERE-

R 0] 03 0B OR 00 09 0Q OB OR O0R 0Q O0Q O” O0” 0] 0Q OB O” O0” 0] O” O” OR 09 09 O” O%)

=
=

(1,3)]
(1,3)]
(2,1)]
(2,1)]
(2,1)]
(2,3)]
(2,1)]
(1,1)]
(2,3)]
(2,1)]
(2,1)]
(1,2)]
(1,2)]
(3,1)]
(2,2)]
(1,2)]
(3,1)]
(1,2)]
(1,2)]
(1,3)]
(1,2)]
(1,3)]
(1,3)]
(2,2)]
(1,1)]
(2,1)]
(1,3)]
(3,2)]

1[ 1

1[ 1

2[ 2

5[ 3
4!
8[ 6

(@)
o))

6L 9
9[ 10

0Q 09

oQ

o))

0Q 09

(1,3)]

(1,3)]

(1,3)]

(2,1)]

(2,3)]
(1,1)]
(2,2)]

(1,2)]
(3,1)]
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Color connected amplitudes

Scattering amplitude with n color pairs can be expressed as

1112 An Z 6]61 612 .6}2“1) AO-(]’Z,...,TI)

J1Jz In Jo(
all perm.

where A;(1,2,...,n) does not depend on the external color, but may depend on N..
For small n, the explicit color sum is more efficient than color sampling

> IMPE =) NYoD A, A

color 0,0’

where y(o, 0’) is the number of common cycles in ¢ and o”.

The DS skeleton for A, can be found from M, by imagining that N, = n, and
assigning the external color configuration

(1,0(1)) (2,0(2)) --- (n,0(n))

and multiplying quark-gluon vertices by —iy/N. if they involve an internal gluon
with 1 = .
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Color connected for0 ->ggud uhv,

Tree: 1, Label:1

1: 1 6[ 3ul <—- 2[ 2u7] 1l 1g]1 5: 1 18[ 29 u ] <—- 9[ 24 w+] 7[ 5d]
2 il 7[ 5d] <—- 3[ 44 ] 1[1g] 6: 1 18[ 29 u ] <-- 1[1g] 14[ 28 u ]
3: -1 9[ 24 w_|_] <—— 5[ 16 Mn] 4[ 8 M+] 7: -1 20[ 30 g ] <-= 3[ 4 d ] 13[ 26 d~]
4- 1 13[ 26 d°] <-- 2[ 2 u~] 9[ 24 W+] 8: -1 20[ 30 g ] <— 2[ 2 u~] 14[ 28 11~]
5: 1 14[28ul <- 3[ 4d1  9[ 24 W] oozl e gl el e a L BBl 26 el
6 1 170 27 d] <—- 9[ 24 w+]  6[ 3 u-] 10: -1 21031 g1 <—- 2[ 2u"]l 18[ 29 u ]
7: 1 17[ 27 d"] <— 1[ 1g]1 13[ 26 4] tt: 1 203t gl <= tl 1g] 20[30¢g]
8: 1 18[ 29 ul <—- 9[ 24w+l 7[ 54 ] Tree: 4. Label:s
Somme et mE TN e g
e~ 2[5 e ] e GF 5ol ST 35 b 2: -1 9[ 24 Ww+] <—- 5[ 16 Mn]  4[ 8 M+]
' & ) 3: 1 13[ 26 d°] <= 2[ 2u~]  9[ 24 W+]
12: 1 21081 g ] <= 8[ 441 17027 d°] 4: 1 14[28ul <—- 3[ 4d1  9[ 24 W]
13: -1 21[ 31 g ] <-- 2[ 2 u ] 18[ 29 u ] 5: 1 17[ 27 d~] <—— 9[ 24 w+] 6[ 3 u~]
6: 1 17[ 27 d"]1 <= 1[ 1g1 13[ 26 d"]
Tree: 2, Label:2 7: -1 20030 gl <—- 3[ 4d] 13[ 26 4]
11 6L 3u7] <—- 2[ 2v] 1l 1g] 8: -1 20030 g] <- 2[ 2u] 14[ 28 u ]
221 70 5d1 <= 30 4d1 1l 1g] 9: -1 21[ 31 g1 <—- 6[ 3ul 14[ 28 u ]
3: -1 9[ 24 w+] <-= 5[ 16 Mn]  4[ 8 M+] 10: -1 21[ 31 g1 <— 3[ 4d1]1 17[ 27 d-]
4: 1 13[ 26 d7] <= 2[ 2 u"] o[ 24 w+] 11: 1 21[ 31 gl <—- 1[ 1 gl 20[30¢g].
5: 1 14[ 28 u ] <——- 3[ 4d ] 9[ 24 W+]
6: 1 17[ 27 47] <-—- 9[ 24 w+] 6[ 3 u”] Tree: 5, Label:6
7: 1 17027 d°1 <—- 1[ 1g]1 13[ 26 d7] 1: 1 6[ 3u”] <—- 2[ 2u7] 1l 1g]
8: 1 18[ 29 ul <—- 9[ 24w+l 7[ 54 ] 2: 1 7[ 5d1 <- 3[ 44d] 1l 1g]
9: 1 18[ 29 u ] <—- 1[ 1 gl 14[ 28 u ] 3: -1 9[ 24 w+] <-- 5[ 16 Mn] a[ 8 M+]
10: -1 21[ 31 g1 <—- 7[ 5d1 13[ 26 d~] 4: 1 13[ 26 4”1 <—- 2[ 2 u”]  9[ 24 W+]
11: -1 21[ 31 g1 <—- 6[ 3 u”] 14[ 28 u ] 5: 1 14[ 28 ul <—- 3[ 4d1  9[ 24 w+]
12: -1 21[ 31 g1 <~ 3[ 4d1 17[ 27 d~] 6: 1 17[ 27 d”] <—— 9[ 24 W+l  6[ 3 u"]
13: -1 21[ 31 gl <—- 2[ 2u] 18[ 29 ul. 7: 1 17027 d"1 <— 1[ 1 gl 13[ 26 d"]
8: 1 18[ 29 u ] <-- 9[ 24 W+] 7[ 541
Tree: 3, Label:3 9: 1 18[ 29 u ] <—- 1[ 1 gl 14[ 28 u ]
1: 1 70 5d1]1 <—- 3[ 44d] 1[ 1g] 10: -1 21[ 31 gl <— 7[ 5d1 13[ 26 d~]
2: -1 9[ 24 W+] <—- 5[ 16 Mol  4[ 8 M+] 11: -1 21[ 31 g ] <= 6[ 3 u"] 14[ 28 u |
3: 1 13[ 26 d7] <—- 2[ 2 u”] 9[ 24 W+] 12: -1 21[ 31 g1 <—- 3[ 4d1 17[ 27 47]
4: 1 14[ 28 u] <— 3[ 4d]1  9[ 24 w+] 13: -1 21[ 31 gl <—- 2[ 2u”] 18[ 29 u ].
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Recursive DS approach at one loop

One-loop recursion:

@=T <+ Y L@+, B+, Y

i+j=n i-Hj+k=n i-+j=n

Actual loops generated by last two terms. Third term in more detail:

_Aq/—P1 pi1 i dwq b v q+P1 N pi1
: b
a”PQplz - PZJ g Vip (24 =P a £ P2 { cpash, P
< \ :
q+Po pin :

Momentum conservation:
Po—=Pr=P=pi, +p, + - +pu

Integrand satisfies tree-level recursion:

q+P1 q+P

@ - Y )

i+j=n i+j+k=n
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N

q+P1 0 hH

Tree-level recursion @~ 3 faRR

1 1 1 1 1
2 3 4 5 4
3 2 3 4 2
4 4 2 3 3
1 1 1 2 1 1
5 2 3 3 3 4
3 = 3 2 1 4 3
4 4 4 4 2 2
2 2 3 2 3
3 4 4 4 4
4 3 2 1 1
\ 1 1 1 3 2

( ) (

1
(p1 +Pp2)?—m? (P1+ P2+ pa)? —m?

\. J \. J

|D| Y Y Y
: ‘/\ q 1q 2 ... q T
q+P1 — g\}if\yzp Vr
D<yn+1 ryo HjGD[(q + pj)z — m)z]
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Recursive nature of tensor integrals

Consider the integrals

P O:J d®q f(q) Y :J d*q flq) a3
i T g )t - mgT T T i T g+ ) — ]

Using the relation
2(p; —pn) - 4 = [(q+py)? — mI —[(q +pn)> — m2] +m? —p? —m2 +p2
we can write

2(pj — PudvFas = Fro1,0() = Faro(n) + (5 — pi —my, 4+ pr) Fuo

where F;,_10(j) is obtained from F,, by removing the j-th denominator. Choosing
4 different vectors p; appearing in the denominators, we get 4 relations, enough to
determine the 4 integrals F ;.

Take f(q) = q"'q*2--- q"* and we have recursive tensor integral calculation.

For n < 4 express tensor integrals in terms of PV coefficient functions and use PV
reduction.
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Tensor symmetrization: 4" -> n4

Tensor integrals are symmetric in the ten- 4o Vi V2 vy

. . 1V2-"Vyr __ q q4 q4 C q4
sor indices, so the we only need to con- Tor =) 2 T (g + )2 — ]
tract them with the symmetrized coeffi- =14 TP j
cients.

ch=clA ey, | oY =l A 4 ey
2
C“ 3} C1 2,3 Cfﬁg1 4 Cfiéz 4 Cf@ 4 C%iés 4+ Cl fgz

A symmetric tensor Cy'"*> " with 4-dimensional indices can be represented as

{viva-eve) QT _
C Sﬂoﬂh yN2,M3 Mo+M +My+N3 =7

where n,, is the number of indices referring to dimension p. Suppose we have a
linear recursive relation between tensors of the type

ViV Vy __ V1V2 V1 Vr
Cr _ Cr—1 * Kr

with C} = KY. The symmetrized relation is

T - r—1 1
SnO y111,12,13 o SnO 1)“1 y1L2 ,Tlg SnO y 1L —1 yI12,M3 * KT
r—1 2 r—1 3
+ Snom] >T12—1>113 K + Sﬂoﬂﬁ ,Mno,nz—1 * KT’
with §7 . .. = 0 whenever any of the indices is negative.
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Recursion for primitive amplitudes

—i
Z pl k)pk+1] A A12+1]

pl] =

=2 j—1
+ Z Z W\P/LpGAZkAlZ—] AL

k=1 l=k+1

i —
Au . - AV Y
Gii(q) = CE L k;1 V3o (d + Pk Prii) Gi (A AL
+ Z Z W6 Gix(q JA AT
KT Ikt 1

VH (q + P1 Joy Pk+1 ]) V (p] oy Pk+1 J) + X(qu

'D|—1

YiaVv2a...qVr
G (q) = g, (D)9
’ Dc{i—Zm ..... il ; HjeD(q +P1,5)?

G, (D) = G, (D', K) YE(K, )
O, (DX AL
j—1

Yy (k,j) = V5, (p k>pk+1))Ak+1) + Z W3p0A12+1 LAHLJ'

l=k+1
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Recursion for primitive amplitudes

1. calculate the tensor integrals 71V (D)
calculate the tree-level off-shell currents A{tj

calculate the tensors Gf*, . (D)

calculate the currents x@ —@©

. calculate the one-loop currents via

6. the R,-terms, which is still missing because of 4-dim tensor integrals
—‘={+{+—§.+—§.+—§.+—0—‘+{+{.
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