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PDFs are related to the structure

of the hadrons, universal to the

scattering process

Phase space (includes

spin/color summation)

governs the kinematics

Matrix element (squared)

contains model parameters,

governs the dynamics

Observable, imposes

phase space cuts

1h h2

2
1

3n ...

σh1,h2→n(p1, p2) =
∑

a,b

∫

dx1dx2 fa(x1, µ) fb(x2, µ) σ̂a,b→n(x1p1, x2p2;µ)

σ̂a,b→n(pa, pb;µ) =

∫

dΦ(pa, pb → {p}n) |Ma,b→n(pa, pb → {p}n;µ)|
2 O(pa, pb, {p}n)

Hard scattering cross sections
within collinear factorization
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Consider φ3-theory on a single space-time point

Z[J] =

∫

∞

−∞

dφ exp

{

i

h̄

[

Jφ+ S(φ)
]

}

, S(φ) = −
m2

2
φ2 −

g

6
φ3 , Im(m2 < 0)

We trivially have the linear Dyson-Schwinger equation

0 =

∫

∞

−∞

dφ
h̄

i

d

dφ
exp

{

i

h̄

[

Jφ+ S(φ)
]

}

=

(

J −
h̄

i
m2 d

dJ
+

h̄2g

2

d2

dJ2

)

Z[J]

Z[J] generates zero-dimensional “Green functions”, connected “Green functions”

generated by

W[J] = lnZ[J]

Non-linear Dyson-Schwinger equation

0 = J+ im2dW[J]

dJ
+

g

2

[

h̄
d2W[J]

dJ2
+

(

dW[J]

dJ

)2
]

Zero−dimensional QFT

001page 4 of 30        Dyson−Schwinger recursion at fixed order  |  Andreas van Hameren  |  IFJ PAN, Krakow | 12−09−2013



Dyson-Schwinger equation for Green functions from
dW[J]

dJ
=

∞∑

n=0

Cn+1J
n

n!

Cn+1

n!
=

i

m2

(

δn=1 + g
∑

i+j=n

Ci+1

i!

Cj+1

j!
+

h̄g

2

Cn+2

n!

)

We may cast the equation into a graphical form

n = δn=1 +
∑

i+j=n j

i

+
1

2
n =

i

m2
, = g , = h̄

Solutions for tadpole

C
pert
1 ∝

h̄g2

m4
C

non−pert
1 ∝

m2

g

Non-perturbative solution corresponds

to other integration contour in the com-

plex φ-plane in the definition of Z[J].

Re(−iφ3) < 0

φ

Zero−dimensional QFT
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Introduce more zero-dimensional points

S(φ) = −
∑

k,l

1

2
Ak,lφkφl −

∑ g

6
φ3

l , Im(Ak,k < 0)

Dyson-Schwinger equation

0 = Jk + i
∑

l

Ak,l

∂W[J]

∂Jl
+

g

2

[

h̄
∂2W[J]

∂J2k
+

(

∂W[J]

∂Jk

)2
]

Expand generating function in terms of Green functions

∂W[J]

∂Jl
=

∑

i1+i2+···+ik=n

Cl;i1i2···ik

Ji11
i1!

Ji22
i2!

· · ·

Jikk
ik!

Graphical interpretation

n =
∑

i+j=n j

i

+
1

2
n k l = iA−1

k,l , k
l

m
= g δk=l=m , = h̄

Zero−dimensional QFT
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n = δn=1 +

∑

i+j=n j
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Tree−level recursion
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∑
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+

∑
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Two−loop recursion
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Theories with four-point vertices:

n =
∑

i+j=n j

i

+
∑

i+j+k=n k

j

i

+
1

2
n +

1

2

∑

i+j=n j

i

+
1

6
n

Theories with more types of currents:

n =
∑

i+j=n

i

j

+ n

n =
∑

i+j=n

i

j

+ n

n =
∑

i+j=n

i

j

+ n

Currents may have several components.

• distinguishable external lines corre-

spond to on-shell particles

=⇒ polarization vectors, spinors, 1

• sum of momenta of on-shell lines is

equal to momentum of off-shell line

• vertices directly from Feynman rules

in momentum space

• off-shell line carries propagator from

Feynman rules, in any gauge

• on-shell (n+ 1)-leg amplitude

– from current with n on-shell legs

– by omitting the final propagator

– and contracting with pol.vec. or

spinor instead

Generalization to real QFT
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For planar multi-gluon tree-amplitudes:

pi,j = pi + pi+1 + · · ·+ pj

i
j =

j−1∑

k=i j
k+1

k

i

+

j−2∑

k=i

j−1∑

l=k+1

i

k
k+1

l
l+1
j

Aµ
i,j =

−i

p2
i,j

[

j−1∑

k=i

Vµ
νρ(pi,k, pk+1,j)A

ν
i,kA

ρ
k+1,j

+

j−2∑

k=i

j−1∑

l=k+1

Wµ
νρσ A

ν
i,kA

ρ
k+1,lA

σ
l+1,j

]

Vµ
νρ(p, q) =

i
√

2

[

(p− q)µgνρ

+ 2gµ
ρ qν − 2gµ

ν pρ

]

Wµ
νρσ =

i

2

[

2gµ
ρgνσ − gµ

νgρσ − gµ
σgρν

]

Aµ
i,i = εµ(pi)

For special helicity configurations,

compact expressions can be derived,

eg. for {1,j} negative, rest positive he-

licity

An =
〈1 j〉4

〈1 2〉〈2 3〉 · · · 〈(n− 1)n〉〈n1〉

〈k l〉 = product of Weyl spinors for ex-

ternal momentum k and l.

• what about non-planar ampli-

tudes?

• what if theory is less symmetric?

• what if there are several mass

scales?

Direct numerical evaluation of Dyson-

Schwinger relations.

Expressions from Berends−Giele
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n = δn=1 +

∑

i+j=n j
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Recursive computation
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∑

i+j=n j

i

4

2

1

3

1

2

3

4

1

3

2

4

1

2

3

4

1

3

2

4

1

3

2

4

1

2

3

4

1

2

3

4

1

2

1

2
=

1

3

1

3
=

1 1

4 4
=

=
3 3

4 4
=

2 2

4 4
=

2 2

3 3

1

2

3

+

+

+++=

=

= =

=
1

2

1

2

1

2

2

1

+ +

3

4

4

3

4

3

+ +
1

4

4 4

4 4

1

2

3

1

3

2

2

1

3+ +

1

3

4

4

3

1

1

4

3

+ +3

2

3

2 2

24

Recursive computation
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For n external legs,

the asymptotic computational complexity is O(3n),

instead of O(n!) from the number of Feynman graphs.



1: 5[ 3 h ] <-- 2[ 2 h ] 1[ 1 h ]

2: 6[ 5 h ] <-- 3[ 4 h ] 1[ 1 h ]

3: 7[ 9 h ] <-- 4[ 8 h ] 1[ 1 h ]

4: 8[ 6 h ] <-- 3[ 4 h ] 2[ 2 h ]

5: 9[ 10 h ] <-- 4[ 8 h ] 2[ 2 h ]

6: 10[ 12 h ] <-- 4[ 8 h ] 3[ 4 h ]

7: 11[ 7 h ] <-- 3[ 4 h ] 5[ 3 h ]

8: 11[ 7 h ] <-- 2[ 2 h ] 6[ 5 h ]

9: 11[ 7 h ] <-- 1[ 1 h ] 8[ 6 h ]

10: 12[ 11 h ] <-- 4[ 8 h ] 5[ 3 h ]

11: 12[ 11 h ] <-- 2[ 2 h ] 7[ 9 h ]

12: 12[ 11 h ] <-- 1[ 1 h ] 9[ 10 h ]

13: 13[ 13 h ] <-- 4[ 8 h ] 6[ 5 h ]

14: 13[ 13 h ] <-- 3[ 4 h ] 7[ 9 h ]

15: 13[ 13 h ] <-- 1[ 1 h ] 10[ 12 h ]

16: 14[ 14 h ] <-- 4[ 8 h ] 8[ 6 h ]

17: 14[ 14 h ] <-- 3[ 4 h ] 9[ 10 h ]

18: 14[ 14 h ] <-- 2[ 2 h ] 10[ 12 h ]

19: 15[ 15 h ] <-- 10[ 12 h ] 5[ 3 h ]

20: 15[ 15 h ] <-- 9[ 10 h ] 6[ 5 h ]

21: 15[ 15 h ] <-- 8[ 6 h ] 7[ 9 h ]

22: 15[ 15 h ] <-- 4[ 8 h ] 11[ 7 h ]

23: 15[ 15 h ] <-- 3[ 4 h ] 12[ 11 h ]

24: 15[ 15 h ] <-- 2[ 2 h ] 13[ 13 h ]

25: 15[ 15 h ] <-- 1[ 1 h ] 14[ 14 h ]

1: 5[ 3 h ] <-- 2[ 2 h ] 1[ 1 h ]

2: 6[ 5 h ] <-- 3[ 4 h ] 1[ 1 h ]

3: 7[ 9 h ] <-- 4[ 8 h ] 1[ 1 h ]

4: 8[ 6 h ] <-- 3[ 4 h ] 2[ 2 h ]

5: 9[ 10 h ] <-- 4[ 8 h ] 2[ 2 h ]

6: 10[ 12 h ] <-- 4[ 8 h ] 3[ 4 h ]

7: 11[ 7 h ] <-- 3[ 4 h ] 5[ 3 h ]

8: 11[ 7 h ] <-- 2[ 2 h ] 6[ 5 h ]

9: 11[ 7 h ] <-- 1[ 1 h ] 8[ 6 h ]

10: 12[ 11 h ] <-- 4[ 8 h ] 5[ 3 h ]

11: 12[ 11 h ] <-- 2[ 2 h ] 7[ 9 h ]

12: 12[ 11 h ] <-- 1[ 1 h ] 9[ 10 h ]

13: 13[ 13 h ] <-- 4[ 8 h ] 6[ 5 h ]

14: 13[ 13 h ] <-- 3[ 4 h ] 7[ 9 h ]

15: 13[ 13 h ] <-- 1[ 1 h ] 10[ 12 h ]

16: 14[ 14 h ] <-- 4[ 8 h ] 8[ 6 h ]

17: 14[ 14 h ] <-- 3[ 4 h ] 9[ 10 h ]

18: 14[ 14 h ] <-- 2[ 2 h ] 10[ 12 h ]

19: 15[ 15 h ] <-- 10[ 12 h ] 5[ 3 h ]

20: 15[ 15 h ] <-- 9[ 10 h ] 6[ 5 h ]

21: 15[ 15 h ] <-- 8[ 6 h ] 7[ 9 h ]

22: 15[ 15 h ] <-- 4[ 8 h ] 11[ 7 h ]

23: 15[ 15 h ] <-- 3[ 4 h ] 12[ 11 h ]

24: 15[ 15 h ] <-- 2[ 2 h ] 13[ 13 h ]

25: 15[ 15 h ] <-- 1[ 1 h ] 14[ 14 h ]

particle identifier for off-shell leg

p13 = p4 + p9

Binary representation of momenta:

external momenta are labeled by

powers of 2, and

p2n−1−1 = p1 + p2 + p4 + · · ·+ p2n−2

= −p2n−1

eg. for n = 5 we have p15 = −p16

=
1

4

4

1

+2

2

1 1

4 4
=

DS skeleton for 0−>hhhhh
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1: -1, 5[ 5 A ] <-- 3[ 4 E-] 1[ 1 E+]

2: -1, 6[ 5 Z ] <-- 3[ 4 E-] 1[ 1 E+]

3: 1, 7[ 9 E+] <-- 4[ 8 A ] 1[ 1 E+]

4: -1, 8[ 6 A ] <-- 3[ 4 E-] 2[ 2 E+]

5: -1, 9[ 6 Z ] <-- 3[ 4 E-] 2[ 2 E+]

6: 1, 10[ 10 E+] <-- 4[ 8 A ] 2[ 2 E+]

7: 1, 11[ 12 E-] <-- 4[ 8 A ] 3[ 4 E-]

8: -1, 12[ 7 E+] <-- 2[ 2 E+] 5[ 5 A ]

9: -1, 12[ 7 E+] <-- 2[ 2 E+] 6[ 5 Z ]

10: 1, 12[ 7 E+] <-- 1[ 1 E+] 8[ 6 A ]

11: 1, 12[ 7 E+] <-- 1[ 1 E+] 9[ 6 Z ]

12: -1, 13[ 13 A ] <-- 3[ 4 E-] 7[ 9 E+]

13: -1, 14[ 13 Z ] <-- 3[ 4 E-] 7[ 9 E+]

14: -1, 13[ 13 A ] <-- 1[ 1 E+] 11[ 12 E-]

15: -1, 14[ 13 Z ] <-- 1[ 1 E+] 11[ 12 E-]

16: -1, 15[ 14 A ] <-- 3[ 4 E-] 10[ 10 E+]

17: -1, 16[ 14 Z ] <-- 3[ 4 E-] 10[ 10 E+]

18: -1, 15[ 14 A ] <-- 2[ 2 E+] 11[ 12 E-]

19: -1, 16[ 14 Z ] <-- 2[ 2 E+] 11[ 12 E-]

20: -1, 17[ 15 E+] <-- 10[ 10 E+] 5[ 5 A ]

21: -1, 17[ 15 E+] <-- 10[ 10 E+] 6[ 5 Z ]

22: 1, 17[ 15 E+] <-- 8[ 6 A ] 7[ 9 E+]

23: 1, 17[ 15 E+] <-- 9[ 6 Z ] 7[ 9 E+]

24: 1, 17[ 15 E+] <-- 4[ 8 A ] 12[ 7 E+]

25: -1, 17[ 15 E+] <-- 2[ 2 E+] 13[ 13 A ]

26: -1, 17[ 15 E+] <-- 2[ 2 E+] 14[ 13 Z ]

27: 1, 17[ 15 E+] <-- 1[ 1 E+] 15[ 14 A ]

28: 1, 17[ 15 E+] <-- 1[ 1 E+] 16[ 14 Z ].

1: -1, 5[ 5 A ] <-- 3[ 4 E-] 1[ 1 E+]

2: -1, 6[ 5 Z ] <-- 3[ 4 E-] 1[ 1 E+]

3: 1, 7[ 9 E+] <-- 4[ 8 A ] 1[ 1 E+]

4: -1, 8[ 6 A ] <-- 3[ 4 E-] 2[ 2 E+]

5: -1, 9[ 6 Z ] <-- 3[ 4 E-] 2[ 2 E+]

6: 1, 10[ 10 E+] <-- 4[ 8 A ] 2[ 2 E+]

7: 1, 11[ 12 E-] <-- 4[ 8 A ] 3[ 4 E-]

8: -1, 12[ 7 E+] <-- 2[ 2 E+] 5[ 5 A ]

9: -1, 12[ 7 E+] <-- 2[ 2 E+] 6[ 5 Z ]

10: 1, 12[ 7 E+] <-- 1[ 1 E+] 8[ 6 A ]

11: 1, 12[ 7 E+] <-- 1[ 1 E+] 9[ 6 Z ]

12: -1, 13[ 13 A ] <-- 3[ 4 E-] 7[ 9 E+]

13: -1, 14[ 13 Z ] <-- 3[ 4 E-] 7[ 9 E+]

14: -1, 13[ 13 A ] <-- 1[ 1 E+] 11[ 12 E-]

15: -1, 14[ 13 Z ] <-- 1[ 1 E+] 11[ 12 E-]

16: -1, 15[ 14 A ] <-- 3[ 4 E-] 10[ 10 E+]

17: -1, 16[ 14 Z ] <-- 3[ 4 E-] 10[ 10 E+]

18: -1, 15[ 14 A ] <-- 2[ 2 E+] 11[ 12 E-]

19: -1, 16[ 14 Z ] <-- 2[ 2 E+] 11[ 12 E-]

20: -1, 17[ 15 E+] <-- 10[ 10 E+] 5[ 5 A ]

21: -1, 17[ 15 E+] <-- 10[ 10 E+] 6[ 5 Z ]

22: 1, 17[ 15 E+] <-- 8[ 6 A ] 7[ 9 E+]

23: 1, 17[ 15 E+] <-- 9[ 6 Z ] 7[ 9 E+]

24: 1, 17[ 15 E+] <-- 4[ 8 A ] 12[ 7 E+]

25: -1, 17[ 15 E+] <-- 2[ 2 E+] 13[ 13 A ]

26: -1, 17[ 15 E+] <-- 2[ 2 E+] 14[ 13 Z ]

27: 1, 17[ 15 E+] <-- 1[ 1 E+] 15[ 14 A ]

28: 1, 17[ 15 E+] <-- 1[ 1 E+] 16[ 14 Z ].

same momentum, different particle

Ψ11 =+ Ψ3 /A4(−ie)
i

/p12 −m

Ψ12 =+
i

−/p7 −m
(−ie)/A8 Ψ1

Aµ
13 =+

−i

p2
13

(−ie)Ψ11γ
µ Ψ1

fermi sign

(−1)χ(p,q) , χ(p, q) =

2∑

i=n

p̂i

i−1∑

j=1

q̂j

p̂i = 1 if external particle i is a

fermion and is present in p,

else p̂i = 0

DS skeleton for 0 −> e+ e− e+ e− A
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Calculation of a cross section requires phase space integration and summation over

spins and colors.

σ =

∫
dΦ

∑

spin

∑

color

|M(Φ, spin, color)|
2
O(Φ)

• Phase space must we dealt with within a Monte Carlo approach (that’s why we

need to be able to evaluate scattering amplitudes numerically efficiently)

• Spin may be dealt with within a Monte Carlo approach:

∑

+,−

⇒
∫ 1

0

dρ , εµ(ρ) = u+(ρ)ε
µ
+ + u−(ρ)ε

µ
− ,

∫ 1

0

ui(ρ)uj(ρ)
∗ = δi,j

– random helicities: u±(ρ) =
√
2 θ(±( 1

2
− ρ))

– random polarizations: u±(ρ) = e±iπρ

• Color may be dealt with also within a Monte Carlo approach

What color representation to use?

Cross sections from Monte Carlo
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2 1 =
−i

p2
ηµ1µ2 δa1a2

2 1 =
i

p/ −m
δi1i2

12

3

= −ig Ta3

i1i2
γµ3

3

2 1

= g fa1a2a3

[

(p1 − p2)
µ3ηµ1µ2 + (p2 − p3)

µ1ηµ2µ3 + (p3 − p1)
µ2ηµ3µ1

]

4

3

2

1

= ig2
[

(fa1a3bfa2a4b − fa1a4bfa3a2b)ηµ1µ2ηµ3µ4

+(fa1a2bfa3a4b − fa1a4bfa2a3b)ηµ1µ3ηµ2µ4

+(fa1a3bfa4a2b − fa1a2bfa3a4b)ηµ1µ4ηµ3µ2

]

QCD Feynman rules
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• Represent gluons as 8-times higher-dim vectors Aa
µ

increases the number of operations per vertex unacceptably

• Treat gluons with different color as different particles

fabc 6= 0 ⇒ abc ∈ {123, 147, 156, 246, 257, 345, 367, 458, 678}

all possible fusions unique, except (4, 5) → {3, 8} and (6, 7) → {3, 8}

skeleton depends on external color configuration

1: 5[ 3 g 3 ] <-- 2[ 2 g 2 ] 1[ 1 g 1 ]

2: 6[ 5 g 7 ] <-- 3[ 4 g 4 ] 1[ 1 g 1 ]

3: 7[ 9 g 6 ] <-- 4[ 8 g 5 ] 1[ 1 g 1 ]

4: 8[ 6 g 6 ] <-- 3[ 4 g 4 ] 2[ 2 g 2 ]

5: 9[ 10 g 7 ] <-- 4[ 8 g 5 ] 2[ 2 g 2 ]

6: 10[ 12 g 3 ] <-- 4[ 8 g 5 ] 3[ 4 g 4 ]

7: 10[ 12 g 8 ] <-- 4[ 8 g 5 ] 3[ 4 g 4 ]

1: 5[ 3 g 3 ] <-- 2[ 2 g 2 ] 1[ 1 g 1 ]

2: 6[ 5 g 7 ] <-- 3[ 4 g 4 ] 1[ 1 g 1 ]

3: 7[ 9 g 6 ] <-- 4[ 8 g 5 ] 1[ 1 g 1 ]

4: 8[ 6 g 6 ] <-- 3[ 4 g 4 ] 2[ 2 g 2 ]

5: 9[ 10 g 7 ] <-- 4[ 8 g 5 ] 2[ 2 g 2 ]

6: 10[ 12 g 3 ] <-- 4[ 8 g 5 ] 3[ 4 g 4 ]

7: 10[ 12 g 8 ] <-- 4[ 8 g 5 ] 3[ 4 g 4 ]

Color representation

014page 18 of 30        Dyson−Schwinger recursion at fixed order  |  Andreas van Hameren  |  IFJ PAN, Krakow | 12−09−2013



∑

a

|Aa|2 =
∑

a,b

δabAaAb∗ =
∑

a,b

2Tr{TaTb}AaAb∗ =
∑

i,j

|Ai
j|
2 , Ai

j =
√
2(Ta)ijAa

Contract all external gluons with
√
2(Ta)ij

and replace in all gluon propagators δab = 2Tr{TaTb}

Color structure of the vertices become

3-gluon: 23/2 fabc(Ta)i1j1(T
b)i2j2(T

c)i3j3 =
−i√
2

(

δi1j2δ
i2
j3
δi3j1 − δi1j3δ

i2
j1
δi3j2

)

4-gluon: 4(fabefcde − fadefbce)(Ta)i1j1(T
b)i2j2(T

c)i3j3(T
d)i4j4

=
−1

2

(

2δi1j2δ
i2
j3
δi3j4δ

i4
j1
+ 2δi1j4δ

i2
j1
δi3j2δ

i4
j3

− δi1j2δ
i2
j4
δi3j1δ

i4
j3
− δi1j3δ

i2
j1
δi3j4δ

i4
j2
− δi1j3δ

i2
j4
δi3j2δ

i4
j1
− δi1j4δ

i2
j3
δi3j1δ

i4
j2

)

quark-gluon:
√
2 (Ta)i1j1(T

b)i2j2 =
1√
2

(

δi1j2δ
i2
j1
−

1

Nc

δi1j1δ
i2
j2

)

1/Nc contribution in quark-gluon vertex, but trivial gluon propagator: δi1j2δ
i2
j1

Color flow representation
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color configuration: (2,3) (3,1) (1,1) (3,3) (1,2)

1: 6[ 9 g (2,3)] <-- 4[ 8 g (3,3)] 1[ 1 g (2,3)]

2: 7[ 6 g (3,1)] <-- 3[ 4 g (1,1)] 2[ 2 g (3,1)]

3: 8[ 10 g (3,1)] <-- 4[ 8 g (3,3)] 2[ 2 g (3,1)]

4: 10[ 11 g (2,1)] <-- 4[ 8 g (3,3)] 2[ 2 g (3,1)] 1[ 1 g (2,3)]

5: 10[ 11 g (2,1)] <-- 2[ 2 g (3,1)] 6[ 9 g (2,3)]

6: 10[ 11 g (2,1)] <-- 1[ 1 g (2,3)] 8[ 10 g (3,1)]

7: 11[ 14 g (3,1)] <-- 4[ 8 g (3,3)] 7[ 6 g (3,1)]

8: 11[ 14 g (3,1)] <-- 4[ 8 g (3,3)] 3[ 4 g (1,1)] 2[ 2 g (3,1)]

9: 11[ 14 g (3,1)] <-- 3[ 4 g (1,1)] 8[ 10 g (3,1)]

10: 12[ 15 g (2,1)] <-- 7[ 6 g (3,1)] 6[ 9 g (2,3)]

11: 12[ 15 g (2,1)] <-- 4[ 8 g (3,3)] 1[ 1 g (2,3)] 7[ 6 g (3,1)]

12: 12[ 15 g (2,1)] <-- 3[ 4 g (1,1)] 10[ 11 g (2,1)]

13: 12[ 15 g (2,1)] <-- 3[ 4 g (1,1)] 2[ 2 g (3,1)] 6[ 9 g (2,3)]

14: 12[ 15 g (2,1)] <-- 3[ 4 g (1,1)] 1[ 1 g (2,3)] 8[ 10 g (3,1)]

15: 12[ 15 g (2,1)] <-- 1[ 1 g (2,3)] 11[ 14 g (3,1)]

color configuration: (2,3) (3,1) (1,1) (3,3) (1,2)

1: 6[ 9 g (2,3)] <-- 4[ 8 g (3,3)] 1[ 1 g (2,3)]

2: 7[ 6 g (3,1)] <-- 3[ 4 g (1,1)] 2[ 2 g (3,1)]

3: 8[ 10 g (3,1)] <-- 4[ 8 g (3,3)] 2[ 2 g (3,1)]

4: 10[ 11 g (2,1)] <-- 4[ 8 g (3,3)] 2[ 2 g (3,1)] 1[ 1 g (2,3)]

5: 10[ 11 g (2,1)] <-- 2[ 2 g (3,1)] 6[ 9 g (2,3)]

6: 10[ 11 g (2,1)] <-- 1[ 1 g (2,3)] 8[ 10 g (3,1)]

7: 11[ 14 g (3,1)] <-- 4[ 8 g (3,3)] 7[ 6 g (3,1)]

8: 11[ 14 g (3,1)] <-- 4[ 8 g (3,3)] 3[ 4 g (1,1)] 2[ 2 g (3,1)]

9: 11[ 14 g (3,1)] <-- 3[ 4 g (1,1)] 8[ 10 g (3,1)]

10: 12[ 15 g (2,1)] <-- 7[ 6 g (3,1)] 6[ 9 g (2,3)]

11: 12[ 15 g (2,1)] <-- 4[ 8 g (3,3)] 1[ 1 g (2,3)] 7[ 6 g (3,1)]

12: 12[ 15 g (2,1)] <-- 3[ 4 g (1,1)] 10[ 11 g (2,1)]

13: 12[ 15 g (2,1)] <-- 3[ 4 g (1,1)] 2[ 2 g (3,1)] 6[ 9 g (2,3)]

14: 12[ 15 g (2,1)] <-- 3[ 4 g (1,1)] 1[ 1 g (2,3)] 8[ 10 g (3,1)]

15: 12[ 15 g (2,1)] <-- 1[ 1 g (2,3)] 11[ 14 g (3,1)]

DS skeleton for 0 −> ggggg
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color configuration: (1,3) (2,1) (1,2) (3,2) (2,1)

1: 5[ 3 g (2,3)] <-- 2[ 2 g (2,1)] 1[ 1 g (1,3)]

2: 6[ 9 g (1,2)] <-- 4[ 8 g (3,2)] 1[ 1 g (1,3)]

3: 7[ 6 g (1,1)] <-- 3[ 4 g (1,2)] 2[ 2 g (2,1)]

4: 8[ 6 g (2,2)] <-- 3[ 4 g (1,2)] 2[ 2 g (2,1)]

5: 9[ 10 g (3,1)] <-- 4[ 8 g (3,2)] 2[ 2 g (2,1)]

6: 10[ 7 g (1,3)] <-- 3[ 4 g (1,2)] 5[ 3 g (2,3)]

7: 10[ 7 g (1,3)] <-- 3[ 4 g (1,2)] 2[ 2 g (2,1)] 1[ 1 g (1,3)]

8: 10[ 7 g (1,3)] <-- 1[ 1 g (1,3)] 7[ 6 g (1,1)]

9: 11[ 11 g (2,2)] <-- 4[ 8 g (3,2)] 5[ 3 g (2,3)]

10: 13[ 11 g (1,1)] <-- 4[ 8 g (3,2)] 2[ 2 g (2,1)] 1[ 1 g (1,3)]

11: 11[ 11 g (2,2)] <-- 4[ 8 g (3,2)] 2[ 2 g (2,1)] 1[ 1 g (1,3)]

12: 13[ 11 g (1,1)] <-- 2[ 2 g (2,1)] 6[ 9 g (1,2)]

13: 11[ 11 g (2,2)] <-- 2[ 2 g (2,1)] 6[ 9 g (1,2)]

14: 13[ 11 g (1,1)] <-- 1[ 1 g (1,3)] 9[ 10 g (3,1)]

15: 14[ 14 g (3,2)] <-- 4[ 8 g (3,2)] 8[ 6 g (2,2)]

16: 14[ 14 g (3,2)] <-- 4[ 8 g (3,2)] 3[ 4 g (1,2)] 2[ 2 g (2,1)]

17: 14[ 14 g (3,2)] <-- 3[ 4 g (1,2)] 9[ 10 g (3,1)]

18: 15[ 15 g (1,2)] <-- 7[ 6 g (1,1)] 6[ 9 g (1,2)]

19: 15[ 15 g (1,2)] <-- 8[ 6 g (2,2)] 6[ 9 g (1,2)]

20: 15[ 15 g (1,2)] <-- 4[ 8 g (3,2)] 10[ 7 g (1,3)]

21: 15[ 15 g (1,2)] <-- 4[ 8 g (3,2)] 3[ 4 g (1,2)] 5[ 3 g (2,3)]

22: 15[ 15 g (1,2)] <-- 4[ 8 g (3,2)] 1[ 1 g (1,3)] 7[ 6 g (1,1)]

23: 15[ 15 g (1,2)] <-- 4[ 8 g (3,2)] 1[ 1 g (1,3)] 8[ 6 g (2,2)]

24: 15[ 15 g (1,2)] <-- 3[ 4 g (1,2)] 11[ 11 g (2,2)]

25: 15[ 15 g (1,2)] <-- 3[ 4 g (1,2)] 13[ 11 g (1,1)]

26: 15[ 15 g (1,2)] <-- 3[ 4 g (1,2)] 2[ 2 g (2,1)] 6[ 9 g (1,2)]

27: 15[ 15 g (1,2)] <-- 3[ 4 g (1,2)] 1[ 1 g (1,3)] 9[ 10 g (3,1)]

28: 15[ 15 g (1,2)] <-- 1[ 1 g (1,3)] 14[ 14 g (3,2)]

color configuration: (1,3) (2,1) (1,2) (3,2) (2,1)

1: 5[ 3 g (2,3)] <-- 2[ 2 g (2,1)] 1[ 1 g (1,3)]

2: 6[ 9 g (1,2)] <-- 4[ 8 g (3,2)] 1[ 1 g (1,3)]

3: 7[ 6 g (1,1)] <-- 3[ 4 g (1,2)] 2[ 2 g (2,1)]

4: 8[ 6 g (2,2)] <-- 3[ 4 g (1,2)] 2[ 2 g (2,1)]

5: 9[ 10 g (3,1)] <-- 4[ 8 g (3,2)] 2[ 2 g (2,1)]

6: 10[ 7 g (1,3)] <-- 3[ 4 g (1,2)] 5[ 3 g (2,3)]

7: 10[ 7 g (1,3)] <-- 3[ 4 g (1,2)] 2[ 2 g (2,1)] 1[ 1 g (1,3)]

8: 10[ 7 g (1,3)] <-- 1[ 1 g (1,3)] 7[ 6 g (1,1)]

9: 11[ 11 g (2,2)] <-- 4[ 8 g (3,2)] 5[ 3 g (2,3)]

10: 13[ 11 g (1,1)] <-- 4[ 8 g (3,2)] 2[ 2 g (2,1)] 1[ 1 g (1,3)]

11: 11[ 11 g (2,2)] <-- 4[ 8 g (3,2)] 2[ 2 g (2,1)] 1[ 1 g (1,3)]

12: 13[ 11 g (1,1)] <-- 2[ 2 g (2,1)] 6[ 9 g (1,2)]

13: 11[ 11 g (2,2)] <-- 2[ 2 g (2,1)] 6[ 9 g (1,2)]

14: 13[ 11 g (1,1)] <-- 1[ 1 g (1,3)] 9[ 10 g (3,1)]

15: 14[ 14 g (3,2)] <-- 4[ 8 g (3,2)] 8[ 6 g (2,2)]

16: 14[ 14 g (3,2)] <-- 4[ 8 g (3,2)] 3[ 4 g (1,2)] 2[ 2 g (2,1)]

17: 14[ 14 g (3,2)] <-- 3[ 4 g (1,2)] 9[ 10 g (3,1)]

18: 15[ 15 g (1,2)] <-- 7[ 6 g (1,1)] 6[ 9 g (1,2)]

19: 15[ 15 g (1,2)] <-- 8[ 6 g (2,2)] 6[ 9 g (1,2)]

20: 15[ 15 g (1,2)] <-- 4[ 8 g (3,2)] 10[ 7 g (1,3)]

21: 15[ 15 g (1,2)] <-- 4[ 8 g (3,2)] 3[ 4 g (1,2)] 5[ 3 g (2,3)]

22: 15[ 15 g (1,2)] <-- 4[ 8 g (3,2)] 1[ 1 g (1,3)] 7[ 6 g (1,1)]

23: 15[ 15 g (1,2)] <-- 4[ 8 g (3,2)] 1[ 1 g (1,3)] 8[ 6 g (2,2)]

24: 15[ 15 g (1,2)] <-- 3[ 4 g (1,2)] 11[ 11 g (2,2)]

25: 15[ 15 g (1,2)] <-- 3[ 4 g (1,2)] 13[ 11 g (1,1)]

26: 15[ 15 g (1,2)] <-- 3[ 4 g (1,2)] 2[ 2 g (2,1)] 6[ 9 g (1,2)]

27: 15[ 15 g (1,2)] <-- 3[ 4 g (1,2)] 1[ 1 g (1,3)] 9[ 10 g (3,1)]

28: 15[ 15 g (1,2)] <-- 1[ 1 g (1,3)] 14[ 14 g (3,2)]

DS skeleton for 0 −> ggggg
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Scattering amplitude with n color pairs can be expressed as

Mi1i2···in
j1j2···jn

=
∑

all perm.

δi1jσ(1)δ
i2
jσ(2)

. . . δinjσ(n)
Aσ(1, 2, . . . , n)

where Aσ(1, 2, . . . , n) does not depend on the external color, but may depend on Nc.

For small n, the explicit color sum is more efficient than color sampling

∑

color

|M|2 =
∑

σ,σ ′

Ny(σ,σ ′)
c Aσ A∗

σ ′

where y(σ, σ ′) is the number of common cycles in σ and σ ′.

The DS skeleton for Aσ can be found from M, by imagining that Nc = n, and

assigning the external color configuration

(1, σ(1)) (2, σ(2)) · · · (n, σ(n))

and multiplying quark-gluon vertices by −i
√
Nc if they involve an internal gluon

with i = j.

Color connected amplitudes
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µ+ ν
µ

Tree: 1, Label:1

1: 1 6[ 3 u~] <-- 2[ 2 u~] 1[ 1 g ]

2: 1 7[ 5 d ] <-- 3[ 4 d ] 1[ 1 g ]

3: -1 9[ 24 W+] <-- 5[ 16 Mn] 4[ 8 M+]

4: 1 13[ 26 d~] <-- 2[ 2 u~] 9[ 24 W+]

5: 1 14[ 28 u ] <-- 3[ 4 d ] 9[ 24 W+]

6: 1 17[ 27 d~] <-- 9[ 24 W+] 6[ 3 u~]

7: 1 17[ 27 d~] <-- 1[ 1 g ] 13[ 26 d~]

8: 1 18[ 29 u ] <-- 9[ 24 W+] 7[ 5 d ]

9: 1 18[ 29 u ] <-- 1[ 1 g ] 14[ 28 u ]

10: -1 21[ 31 g ] <-- 7[ 5 d ] 13[ 26 d~]

11: -1 21[ 31 g ] <-- 6[ 3 u~] 14[ 28 u ]

12: -1 21[ 31 g ] <-- 3[ 4 d ] 17[ 27 d~]

13: -1 21[ 31 g ] <-- 2[ 2 u~] 18[ 29 u ]

Tree: 2, Label:2

1: 1 6[ 3 u~] <-- 2[ 2 u~] 1[ 1 g ]

2: 1 7[ 5 d ] <-- 3[ 4 d ] 1[ 1 g ]

3: -1 9[ 24 W+] <-- 5[ 16 Mn] 4[ 8 M+]

4: 1 13[ 26 d~] <-- 2[ 2 u~] 9[ 24 W+]

5: 1 14[ 28 u ] <-- 3[ 4 d ] 9[ 24 W+]

6: 1 17[ 27 d~] <-- 9[ 24 W+] 6[ 3 u~]

7: 1 17[ 27 d~] <-- 1[ 1 g ] 13[ 26 d~]

8: 1 18[ 29 u ] <-- 9[ 24 W+] 7[ 5 d ]

9: 1 18[ 29 u ] <-- 1[ 1 g ] 14[ 28 u ]

10: -1 21[ 31 g ] <-- 7[ 5 d ] 13[ 26 d~]

11: -1 21[ 31 g ] <-- 6[ 3 u~] 14[ 28 u ]

12: -1 21[ 31 g ] <-- 3[ 4 d ] 17[ 27 d~]

13: -1 21[ 31 g ] <-- 2[ 2 u~] 18[ 29 u ].

Tree: 3, Label:3

1: 1 7[ 5 d ] <-- 3[ 4 d ] 1[ 1 g ]

2: -1 9[ 24 W+] <-- 5[ 16 Mn] 4[ 8 M+]

3: 1 13[ 26 d~] <-- 2[ 2 u~] 9[ 24 W+]

4: 1 14[ 28 u ] <-- 3[ 4 d ] 9[ 24 W+]

Tree: 1, Label:1

1: 1 6[ 3 u~] <-- 2[ 2 u~] 1[ 1 g ]

2: 1 7[ 5 d ] <-- 3[ 4 d ] 1[ 1 g ]

3: -1 9[ 24 W+] <-- 5[ 16 Mn] 4[ 8 M+]

4: 1 13[ 26 d~] <-- 2[ 2 u~] 9[ 24 W+]

5: 1 14[ 28 u ] <-- 3[ 4 d ] 9[ 24 W+]

6: 1 17[ 27 d~] <-- 9[ 24 W+] 6[ 3 u~]

7: 1 17[ 27 d~] <-- 1[ 1 g ] 13[ 26 d~]

8: 1 18[ 29 u ] <-- 9[ 24 W+] 7[ 5 d ]

9: 1 18[ 29 u ] <-- 1[ 1 g ] 14[ 28 u ]

10: -1 21[ 31 g ] <-- 7[ 5 d ] 13[ 26 d~]

11: -1 21[ 31 g ] <-- 6[ 3 u~] 14[ 28 u ]

12: -1 21[ 31 g ] <-- 3[ 4 d ] 17[ 27 d~]

13: -1 21[ 31 g ] <-- 2[ 2 u~] 18[ 29 u ]

Tree: 2, Label:2

1: 1 6[ 3 u~] <-- 2[ 2 u~] 1[ 1 g ]

2: 1 7[ 5 d ] <-- 3[ 4 d ] 1[ 1 g ]

3: -1 9[ 24 W+] <-- 5[ 16 Mn] 4[ 8 M+]

4: 1 13[ 26 d~] <-- 2[ 2 u~] 9[ 24 W+]

5: 1 14[ 28 u ] <-- 3[ 4 d ] 9[ 24 W+]

6: 1 17[ 27 d~] <-- 9[ 24 W+] 6[ 3 u~]

7: 1 17[ 27 d~] <-- 1[ 1 g ] 13[ 26 d~]

8: 1 18[ 29 u ] <-- 9[ 24 W+] 7[ 5 d ]

9: 1 18[ 29 u ] <-- 1[ 1 g ] 14[ 28 u ]

10: -1 21[ 31 g ] <-- 7[ 5 d ] 13[ 26 d~]

11: -1 21[ 31 g ] <-- 6[ 3 u~] 14[ 28 u ]

12: -1 21[ 31 g ] <-- 3[ 4 d ] 17[ 27 d~]

13: -1 21[ 31 g ] <-- 2[ 2 u~] 18[ 29 u ].

Tree: 3, Label:3

1: 1 7[ 5 d ] <-- 3[ 4 d ] 1[ 1 g ]

2: -1 9[ 24 W+] <-- 5[ 16 Mn] 4[ 8 M+]

3: 1 13[ 26 d~] <-- 2[ 2 u~] 9[ 24 W+]

4: 1 14[ 28 u ] <-- 3[ 4 d ] 9[ 24 W+]

5: 1 18[ 29 u ] <-- 9[ 24 W+] 7[ 5 d ]

6: 1 18[ 29 u ] <-- 1[ 1 g ] 14[ 28 u ]

7: -1 20[ 30 g ] <-- 3[ 4 d ] 13[ 26 d~]

8: -1 20[ 30 g ] <-- 2[ 2 u~] 14[ 28 u ]

9: -1 21[ 31 g ] <-- 7[ 5 d ] 13[ 26 d~]

10: -1 21[ 31 g ] <-- 2[ 2 u~] 18[ 29 u ]

11: 1 21[ 31 g ] <-- 1[ 1 g ] 20[ 30 g ]

Tree: 4, Label:5

1: 1 6[ 3 u~] <-- 2[ 2 u~] 1[ 1 g ]

2: -1 9[ 24 W+] <-- 5[ 16 Mn] 4[ 8 M+]

3: 1 13[ 26 d~] <-- 2[ 2 u~] 9[ 24 W+]

4: 1 14[ 28 u ] <-- 3[ 4 d ] 9[ 24 W+]

5: 1 17[ 27 d~] <-- 9[ 24 W+] 6[ 3 u~]

6: 1 17[ 27 d~] <-- 1[ 1 g ] 13[ 26 d~]

7: -1 20[ 30 g ] <-- 3[ 4 d ] 13[ 26 d~]

8: -1 20[ 30 g ] <-- 2[ 2 u~] 14[ 28 u ]

9: -1 21[ 31 g ] <-- 6[ 3 u~] 14[ 28 u ]

10: -1 21[ 31 g ] <-- 3[ 4 d ] 17[ 27 d~]

11: 1 21[ 31 g ] <-- 1[ 1 g ] 20[ 30 g ].

Tree: 5, Label:6

1: 1 6[ 3 u~] <-- 2[ 2 u~] 1[ 1 g ]

2: 1 7[ 5 d ] <-- 3[ 4 d ] 1[ 1 g ]

3: -1 9[ 24 W+] <-- 5[ 16 Mn] 4[ 8 M+]

4: 1 13[ 26 d~] <-- 2[ 2 u~] 9[ 24 W+]

5: 1 14[ 28 u ] <-- 3[ 4 d ] 9[ 24 W+]

6: 1 17[ 27 d~] <-- 9[ 24 W+] 6[ 3 u~]

7: 1 17[ 27 d~] <-- 1[ 1 g ] 13[ 26 d~]

8: 1 18[ 29 u ] <-- 9[ 24 W+] 7[ 5 d ]

9: 1 18[ 29 u ] <-- 1[ 1 g ] 14[ 28 u ]

10: -1 21[ 31 g ] <-- 7[ 5 d ] 13[ 26 d~]

11: -1 21[ 31 g ] <-- 6[ 3 u~] 14[ 28 u ]

12: -1 21[ 31 g ] <-- 3[ 4 d ] 17[ 27 d~]

13: -1 21[ 31 g ] <-- 2[ 2 u~] 18[ 29 u ].

5: 1 18[ 29 u ] <-- 9[ 24 W+] 7[ 5 d ]

6: 1 18[ 29 u ] <-- 1[ 1 g ] 14[ 28 u ]

7: -1 20[ 30 g ] <-- 3[ 4 d ] 13[ 26 d~]

8: -1 20[ 30 g ] <-- 2[ 2 u~] 14[ 28 u ]

9: -1 21[ 31 g ] <-- 7[ 5 d ] 13[ 26 d~]

10: -1 21[ 31 g ] <-- 2[ 2 u~] 18[ 29 u ]

11: 1 21[ 31 g ] <-- 1[ 1 g ] 20[ 30 g ]

Tree: 4, Label:5

1: 1 6[ 3 u~] <-- 2[ 2 u~] 1[ 1 g ]

2: -1 9[ 24 W+] <-- 5[ 16 Mn] 4[ 8 M+]

3: 1 13[ 26 d~] <-- 2[ 2 u~] 9[ 24 W+]

4: 1 14[ 28 u ] <-- 3[ 4 d ] 9[ 24 W+]

5: 1 17[ 27 d~] <-- 9[ 24 W+] 6[ 3 u~]

6: 1 17[ 27 d~] <-- 1[ 1 g ] 13[ 26 d~]

7: -1 20[ 30 g ] <-- 3[ 4 d ] 13[ 26 d~]

8: -1 20[ 30 g ] <-- 2[ 2 u~] 14[ 28 u ]

9: -1 21[ 31 g ] <-- 6[ 3 u~] 14[ 28 u ]

10: -1 21[ 31 g ] <-- 3[ 4 d ] 17[ 27 d~]

11: 1 21[ 31 g ] <-- 1[ 1 g ] 20[ 30 g ].

Tree: 5, Label:6

1: 1 6[ 3 u~] <-- 2[ 2 u~] 1[ 1 g ]

2: 1 7[ 5 d ] <-- 3[ 4 d ] 1[ 1 g ]

3: -1 9[ 24 W+] <-- 5[ 16 Mn] 4[ 8 M+]

4: 1 13[ 26 d~] <-- 2[ 2 u~] 9[ 24 W+]

5: 1 14[ 28 u ] <-- 3[ 4 d ] 9[ 24 W+]

6: 1 17[ 27 d~] <-- 9[ 24 W+] 6[ 3 u~]

7: 1 17[ 27 d~] <-- 1[ 1 g ] 13[ 26 d~]

8: 1 18[ 29 u ] <-- 9[ 24 W+] 7[ 5 d ]

9: 1 18[ 29 u ] <-- 1[ 1 g ] 14[ 28 u ]

10: -1 21[ 31 g ] <-- 7[ 5 d ] 13[ 26 d~]

11: -1 21[ 31 g ] <-- 6[ 3 u~] 14[ 28 u ]

12: -1 21[ 31 g ] <-- 3[ 4 d ] 17[ 27 d~]

13: -1 21[ 31 g ] <-- 2[ 2 u~] 18[ 29 u ].

Color connected for 0 −> g g u d
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One-loop recursion:

n =
∑
i+j=n j

i

+
∑

i+j+k=n k

j

i

+
1

2
n +

1

2

∑
i+j=n j

i

Actual loops generated by last two terms. Third term in more detail:

pi1

pi2

pinq+P2

P

1−q−P

.

.

.

µa =
−i

P2

∫
dωq

iπ2
Vµ
νρ

abc(−q − P1, q+ P2)

( pi1

pi2

pin

q+P2

1q+P

ρc

νb

.

.

.

)

Momentum conservation:

P2 − P1 = P = pi1 + pi2 + · · ·+ pin

Integrand satisfies tree-level recursion:

q+P1n =
∑
i+j=n

q+P1

j

i

+
∑

i+j+k=n

q+P1

k

j

i

Recursive DS approach at one loop
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q+P1n =
∑

i+j=n

q+P1

j

i

+
∑

i+j+k=n

q+P1

k

j

i

1

(p1 + p2)2 −m2

1

(p1 + p2 + p4)2 −m2

q+P1n =
∑

|D|≤n+1

|D|−1∑

r=0

G
bc νρ
ν1ν2···νr

(D)
qν1qν2 · · ·qνr

∏
j∈D[(q+ pj)2 −m2

j ]

3

1
2

4

1

4
3
2

4
2
3

1

4
1

2
3

1
2

3
4

1

4

3

2

1

3

4

2

1
4

2
3

1
3
4

2

1
2
4

3

3
4
2

1

2

1
4

3

2
4

1
3

2
3
4

1

3
1
4

2

2
1
4

3

Tree−level recursion

=
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Consider the integrals

Fn,0 =

∫
dωq

iπω/2

f(q)∏n
j=1[(q+ pj)2 −m2

j ]
, Fν

n,1 =

∫
dωq

iπω/2

f(q)qν
4∏n

j=1[(q+ pj)2 −m2
j ]

Using the relation

2(pj − pn) · q = [(q+ pj)
2 −m2

j ] − [(q+ pn)
2 −m2

n] +m2
j − p2

j −m2
n + p2

n

we can write

2(pj − pn)νF
ν
n,1 = Fn−1,0(j) − Fn−1,0(n) + (m2

j − p2
j −m2

n + p2
n)Fn,0

where Fn−1,0(j) is obtained from Fn,0 by removing the j-th denominator. Choosing

4 different vectors pj appearing in the denominators, we get 4 relations, enough to

determine the 4 integrals Fν
n,1.

Take f(q) = qν1qν2 · · ·qνr and we have recursive tensor integral calculation.

For n ≤ 4 express tensor integrals in terms of PV coefficient functions and use PV

reduction.

Recursive nature of tensor integrals
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Tensor integrals are symmetric in the ten-

sor indices, so the we only need to con-

tract them with the symmetrized coeffi-

cients.

C
{1,2}
r=2 = C1,2

r=2 + C2,1
r=2 , C

{1,2,2}
r=3 = C1,2,2

r=3 + C2,1,2
r=3 + C2,2,1

r=3

C
{1,2,3}
r=3 = C1,2,3

r=3 + C2,3,1
r=3 + C3,1,2

r=3 + C3,2,1
r=3 + C2,1,3

r=3 + C1,3,2
r=3

A symmetric tensor C
{ν1ν2···νr}
r with 4-dimensional indices can be represented as

C{ν1ν2···νr}
r = Sr

n0,n1,n2,n3
n0 + n1 + n2 + n3 = r

where nµ is the number of indices referring to dimension µ. Suppose we have a

linear recursive relation between tensors of the type

Cν1ν2···νr

r = C
ν1ν2···νr−1

r−1 ∗ Kνr

r

with Cν
1 = Kν

1 . The symmetrized relation is

Sr
n0,n1,n2,n3

= Sr−1
n0−1,n1,n2,n3

∗ K0
r + Sr−1

n0,n1−1,n2,n3
∗ K1

r

+ Sr−1
n0,n1,n2−1,n3

∗ K2
r + Sr−1

n0,n1,n2,n3−1 ∗ K
3
r

with Sr
n0,n1,n2,n3

= 0 whenever any of the indices is negative.

T
ν1ν2···νr

n,r =

∫
dωq

iπω/2

qν1

4 qν2

4 · · ·qνr

4∏n
j=1[(q+ pj)2 −m2

j ]

4
n −> 4nTensor symmetrization:
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Aµ
i,j =

−i

p2
i,j

[

j−1∑

k=i

Vµ
νρ(pi,k, pk+1,j)A

ν
i,kA

ρ
k+1,j

+

j−2∑

k=i

j−1∑

l=k+1

Wµ
νρσA

ν
i,kA

ρ
k+1,lA

σ
l+1,j

]

Gλµ
i,j (q) =

−i

(q+ p1,j)2

[

j−1∑

k=i−1

Vµ
νρ(q + p1,k, pk+1,j)G

λν
i,k(q)A

ρ
k+1,j

+

j−2∑

k=i−1

j−1∑

l=k+1

Wµ
νρσG

λν
i,k(q)A

ρ
k+1,lA

σ
l+1,j

]

Vµ
νρ(q+ p1,k, pk+1,j) = Vµ

νρ(p1,k, pk+1,j) + Xµ
σνρq

σ

Gλµ
i,j (q) =

∑

D⊂{i−1,i,...,j}

|D|−1∑

r=0

Gλµ
ν1ν2···νr

(D)
qν1qν2 · · ·qνr

∏
j∈D(q+ p1,j)2

iGλµ
ν1ν2···νr

(D) = Gλν
ν1ν2···νr

(D ′, k) Yµ
ν(k, j)

+ Gλν
ν1ν2···νr−1

(D ′, k)Xµ
νrνρ

Aρ
k+1,j

Yµ
ν(k, j) = Vµ

νρ(p1,k, pk+1,j)A
ρ
k+1,j +

j−1∑

l=k+1

Wµ
νρσA

ρ
k+1,lA

σ
l+1,j

= +

+=

= +

+++

+ ++

Recursion for primitive amplitudes
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1. calculate the tensor integrals T ν1ν2···νr(D)

2. calculate the tree-level off-shell currents Aµ
i,j

3. calculate the tensors Gρµ
ν1ν2···νr

(D)

4. calculate the currents

5. calculate the one-loop currents via

6. the R2-terms, which is still missing because of 4-dim tensor integrals

= + + + + + + +

+ + + + + + +=

Recursion for primitive amplitudes
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